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PREFACE

When I was invited to give six lectures to Ph.D. students at Siena in the summer of
1992, it seemed to be a good occasion to take stock of the "New Growth Theory" of
Romer, Lucas and their successors. This book is the result. I am a teacher by profession,
and the Jectures were intended to teach. Precisely for that reason, they reflect my own pe-
culiar notions about the kind of subject economics is and the way it should be taught.

The reader (or student) will not find here an attempt to build growth theory from
first principles or in great generality. I take growth theory to be the way €COnomics tries to
think about the mechanisms or interrelationships that have a serious influence on the sort of
medium-to-long-run path traced out by the modem industrial capitalist economics we ob-
serve, especially after we have averaged out their minor fluctuations. So I focus on a few
individual models, each of which aims a spotlight on the particular piece of cconemic ma-
chinery its author believes to be especially important.

1 do not for a moment think that this selection of models is in any way complete.
For instance, nothing is said about the possible integration of the theory of growth and the
theory of short-run macroeconomic equilibrium and/or disequilibrium. I think that is a very
important topic. But little has been done, with one or two notable exceptions, and espe-
cially little has been done by the New Growth theorists whose work has brought such a re-
vival of interest and excitement to the field.

Of course I look at the new madels of growth as a veteran of the old models of
growth, That is not great strain, because most of what the new models do buiids upen the
older literature. One of my minor goals is to think through for myself which aspects of the
new madels represent, theorctically or empirically, substantial improvements on the old
ones. Of course I hope also to provide some hints for students who might like to work in
this ficld. )

I want to thank the DIPARTIMENTO DI ECONOMIA POLITICA at Siena for the invitatica
that led to these lectures. They were attended by a small but excellent group of Ph.ID. stu-
dents whose interest and cathusiasm made the lectures more interesting than they might
have been. Especially, 1 am grateful to Dr. Serena Sordi who coaverted my lecture notes
and lectures first into a coherent English text and then into-a book in Ralian, Her mathe-
matical notes will certainly improve the pedagogical value of the book. But more than that,
she has made these [ectures better than they really were.

RM.S.
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FIRST LECTURE

I.1. Introduction

I was asked to give a scries of lectures on the theory of growth, especially the many
recent developments in what is called the theory of endogenous growth. My goal is to give
you a survey of the economic ideas. I will pay minimal attention to questions of technique
because the 1echt£iques are quite traditional and those of you who have had
any kind of introduction to optimization theory or to traditional economic dynamics will
find nothing especially new technically.

The version of the theory of growth that I want to cover has already made mwo pre-
liminary decisions which limit its scope very much.

The first is that we are going to be talking about completely aggregated models,
one-commodity models in effect. All of the "structural™ questions are ignored, e.g., ques-
tions that have to do with the way in which the proportional importance of different indus-
tries is likely to change during a long period, or questions such as the relation between ag-
riculture and industry, or betweea manufacturing and services.

The second decision — and this is true of almost all of growth theery, aggregated
or not — js that it ignores what is now called the “coordination problem”; there is always
full employment {or there is always constant unemployment). I will make no attempt— and
neither has the profcssi(;n —— to integrate the theory of growth and the theory of economic
fluctuations. You discuss the long term and you discuss macroeconoimic fluctuations in
different series of lectures. Both of those questions deserve attention, but I am not going to
discuss either because it would take too much time, as in the case of struciural questions,
or because not very much is known, as in the case of fluctuations.

1.2, The Standard Neoclassical Model

T am going to begin by discussing the standard neoclassical model. Most of what 1
want to lecture about are contemporary cxtensions of that medel. But so that we have a
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platform from which to start, I want to discuss the perfectly standard growth theory of the
1950s and 1960s. I have some things to say which may be unfamiliar to you.

The place to start, remembering that this is a completely aggregated theory, is to
express output {¥) as a function of three things: (i) the stock of capital (K}, which consists
of an accumulated stock of the single output, (ii) the current volume of employment (N),

“and (iil) time itsclf, so as to suggest that the relationship between output, capital input and

labor input may change through time:
Y= F(KND.

Inn addition, this output is divided into two compenents, one of which is consumed
and the other added to the stock of capital:

Y=Nc+ K,

where X is the time derivative of the stock of capital. It is convenient to use the symbol ¢
to stand for consumption per capita so that aggregate consumption is Ne.

What should be said about the determination of the total amount of consumption?

There arc two directions that the lilerature has taken in the 1950s-1960s and up
until the present time.

COne of these T will call "behavioristic™. The idea here is to assume any kind of em-
pirically plausible consumption function, There is some sort of consumption function, or

.saving function, or perhaps some different formulation, which is justified in the way we al-

ways justify consumption functions: it scems to make scnse, it fits the data, etc. So let us
start with a consumption function which must be a function of the variables which appear in

" the modal:

c(K.N.0).

One simply assumes this. Then, the analysis of this kind of model reduces to study

the following differential equation:
£ = F(K.N.t) - Ne(BN ).

The usual assumption is that the level of cniployrhcnt, which is defined essentially to
be the same as or proportional to the level of papulation, is growing exponentially:
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N=Ng™

The "coordination problem” disappears here because it is assumed that the level of
employment is always equal to the size of the labor force. Much of macroeconomics is
about — if we replace the argumnent here by employment (L) — why and when L might
differ from M. But the tradition in macrocconomics is to separate the study of this from the
study of growth. I do not think that it is 2 good traditien, but it is the tradition and very lit-
tle has been done outside that tradition.

The "behavioristic" version of aggregate growth theory just boils down to thinking
about F{K,N,t), thinking about e{K,N,?), and studying the solution to the above differential
equation which will tell us how the economy evolves from any initial condition.

The second branch of growth theory we can think of as “eprimizing" theory and the
assumption then is that the economy we are studying behaves as if it were inhabited by a
single, immertal househeld and that househald is concerned with behaving optimally. The
problem which is traditionally posed to the household is that it should choose the patk of

per capifa consumplion 5o as to maximize;

-

J_c”‘u(c(r))N(r)dr,

Q

i.c., to maximize the integral of instantaneous utility, where p is the discount rate. The util-
ity function is conventionally defined as a per capita function and usually one multiplies it
by the size of the population (). The household would like to maximize the discounted
and weighted sum of utilities, where the weights are the size of the population. The natural
interpretation of this is that the agent is a peasant household, an isolated peasant family.
The individual may even die but the family goes on for ever, with consistent preferences.
This maximizaticn is subject to a constraint which essentially comes from the tech-

rology, namely the constraint that:
N(Oc(D) + K = FIKN,2).

The "optimizing” version of one-sector growth theory says that the economy be-
haves as if it was solving this problem: You sce where the “coordination problem” has
vanished here: the production side of this economy just pecforms what Is best for the
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household. Under favorable assumptions, the unique solution to this problem is also the
unique competitive cquilibriuen for this economy.

1 say competitive equilibrium in a very special meaning because everything happens
over time: either it is the competitive equilibium for this economy with what I will call
Arrow-Debreu markets, meaning that markets for every instant of time are available at the
beginning of the problem, or else it would do just as well if everyone in this economy had
infinite perfect foresight. There is a sense in which the optimizing version of this modet
could be decentralized into a perfectly competitive economy, but it has to be a perfectly
compelitive economy under the most favorable assumptions, the sort of assumptions that
rule out coordination failures, and in particular the Arrow-Debreu assumption that all the

markets are there at the very beginning of time. ‘

That in a way is the story: in one version one starts with the technology given and
studies differential equations, in the other version one studies the solution to the above op-
timization problem. You will see that it hardly matters for the steady states which one of

these two branches one chooses. The theory looks very much the same,
Before I go on, I want to discuss two assumptions about the production function

that are usually madc in the literature and that are usually misunderstood.
The first assumption that I want to study is that the production function F(K,N,f)

can be written as:
FUCAON),

with the usual further assumption that A(?) is exmnenﬁal:
Aty =",

If you think of the dependence of F on t as representing technological progress —
the fact that techniques of production improve all the time — then this formulation is called
labor-augmenting technological progress. Essentially all of one-sector growth theory —
both the old growth theory of 1950s and 1960s and the new growth theory of the second
half of the 1980s — is carried on under an assumption like this. It appears to be a very
arbitrary assumption. T want to convigce you that it isin a sense arbitrary, but that the arbi-
trariness does not lic in the choice of this functional form; the arbitrariness lies clsewhere

and has nothing to do with it.
In order to show you what I mean I will simply work out a kind of example.
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Suppose we imagine that F has constant returns to scale, it is homogenous of de-
gree one in the first argument ard in the second argument, and suppose, instead of the la-
bor-augmenting case, & more general form:

F( ebr K, ea.lN) \

namely, suppose we try labor- and capital-augmenting technological progress.

T want to show you under what circumstances one cannot deal with this case, ie.,
under what circumstances b must be zero. If & is zero, then we are back to the labor-aug-
menting case. Then you will sec what explains the preference for insisting on this rather

special form of technological progress.
It will be adequate if I consider for this case what happens if investment js simply

proportional to otitput. Thus:
K = sF("K.e“N).
Suppose we want to ook fo;' exponential steady states, i.e., for a situation in which:
K= Kge*.
Then of course:
K = gKyes.
So, what we must have in the steady state Is;

K5 = sF(c"K,e"N) =
= sF(e¥ K, e Np) =
=sc(afn)zN _Igge(h;—n-u)cll i

If the differential equation is to have a solution that traces out an exponential steady
state, then this condition must hold. C _

The left-hand side of this condition is an exponential growing at the rate g and the
right-hand side is the product of an exponential growing at the rate (a + #) and of the fuac-
tion F cvaluated at (K,Ny = ((Ky/Ny)e®*™,1). This last expression then has to be an ex-
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poncatial because any other function of time mukiplied by an c¢xpoacndal would not get

you an exponential. There are only two ways in which this condition can held.
First of all, it could be that & is zero, and g equals (a + n);

Ko = s -g——l] = SFUK, N,

0

and this is exactly the labor-augmenting case.
Secondly, it could be that the function F is actually cxpongntial as well:

Flx,I)=x~

If F is an exponential, the only way that this function of an exponential can be an
exponential itself is Cobb-Douglas with:

__g-a-n
bt+g—a-n'
50:
cb+g-a-n)j=g-a-n,
or

bc
g=a+n+——,
I-¢

| In this case:
(cbr K)c(ca’N) 1<
can be wiitten as
K elavbeli-<ll N) [

which is the lnbor-augmenting case again.
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Thus, the devotion of this kind of theory to labor-augmenting technological pro-
gress-exactly corresponds to our interest in exponential steady states. If we wete Lo lose
interest in exponential steady states, then there would be no need to have this assumption
about the nature of technological progfcss. ‘We could simply choose anything that you like
as consumption function and solve the differential equation. Unless F were this particular
form there would never be an exponential steady state. The moral of this part of the story is
that labor-augmenting technological progress is not a special assumption which is needed
for this kind of theory to work out; it is a special assumption which is needed so that we
poor peopie can talk about exponential steady states.

The second assumption that I want to analyze it is important because again is much
misunderstoad. B )

It is often thought that the decisive innovation of the new growth theory with en-
dogenous rates of growth is that it assumes increasing returns to scale. I want to show you
that that is not so, i.e., that increasing returns to scale does not help in getting endegenous
rates of growth.

Let us try to give an example of that.

In doing the previous argument, I assumed that F, as a furction of two variables,
had constant rcturns to scale. Now what I want to do is to assume that it has increasing re-
turns to scale. | want to show you just how much change that makes. It turns out to be very
litde, and it docs not open the way to endogenous determination of the rate of growth.
That is a misconception. ' o

Let Fix,y) be homogeneous of degree one, and let the production function be
F(I%,AN"), where /1 > 1. Notice that this does have increasing returns to scale in K and A, -
To see that, multiply X and N by a number A > 1. We then have:

FOKSAMYY) = WEKAM AN > MK (AN,
because A" > 1.
We see that this is a formulation which gives us increasing returns to scale. Now I

want to do exactly- the same exercise that I did over before. Suppose that we look at an ex-

ponential steady statc for this model:
K=¢c"

So we would have:
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ge¥ = sF(e¥ el
This can be a steady state in one and only one circumstance, that is if:
g={a+mh.
So if there are increasing retumns to scale, if £ > 1, then the only conceivable steady
staie growth rate is /i(a + n). When k = 1, we are back to constant returns to scale. But if

there are increasing returns to scale in the only form that alfows for exponential steady
state, then you get a rate of growth which is exogenous.

You get something very paradoxical out of these two equations that I want to point

out. (g - n), which is the rate of growth of output per capita, would be equal to:

g-n={a+aji-n=
=ja+{h-Dan,

and that would mean that the rate of growth of productivity is faster in an economy which
has a faster rate of population growth because (4 - 1) is certainly positive. This is not a very
promising assumption. There is no evidence at all, and hardly anybody in the world be-
lieves, that faster population growth. implies faster productivity growth. In any casc I am
not much interested in this point, and I am not about to develop it further,

What I didd want to emphasize is this: when you allow increasing returns to scale in
a4 model of this kind in such a way as to allow an exponential steady state to occur, that
does notl achieve for you in any way an endogenizing of the growth rate. The conclusion is
that increasing returns to scale is not the key to endogenous growth. One of the economic
> ideas that I want you to get in the course of these lectures is that the extra thing that you
rneed to endogenize the growth rates is usually very strong, much stronger and much mere
crilical an assumption than increasing returns Lo scale.

I want now to go on and remind you of kow the "eptimizing” version of the neo-
classical growth model works. Then, we will be able to use that as a basis for moving on to
the new growth theory.

I am going to make all of the usual simplifying assumptions such as, for instance,

that the utility functien defined on per capita consumption is:

1-a
u(e) = < l,
l-o
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where ¢ > 0, and where (1/5) is the intestemporal elasticity of substitution which measures
how easily the consumer or the household can substitute consumption at different points of
time. Thus, 6 = | — in which case the function reduces to the logarithmie utility function
=I5 a sort of ceatral case. When ¢ > 1, then consumptions at different time are poor sub-
stitutes for one another; when 0 < & < 1 the elasticity of substitution is bigger than one and
the consumer finds it much easier to trade consumption now for consumption Jater. Obvi-
ously, when ¢ = 0 we have the linear case.

The job of the consumer is to maximize by choice of the consumption path the fol-

lowing integral;

Ic“"(%)h’ (£)dr,
o .

where p, which is positive, measures the utility discount rate.
This maximization has to occur subject 1o the following constraint:

) MOe() + K = FKAWON).
Always for this discussion I will choose:
Nry=e¥,
and
Al =,

i.¢., the number of people in this peasant-family is growing exponentially at the rate A and
the rate of labor-augmenting technological progress is |1, where A and 1 are both positive.
The "optimizing" version of the theory says that when you look out at a growing
econemy what it is doing is tracing out a path that solves this optimization problem.
The standard technique {or solving problems like this is to form what is called the
current-value Hamiltonian, which in this case consists of:

_ - - L
H= (61-; )N+ PLF(KAN) - Ne].
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The first term on the right-hand side is the current flow of utility, and the second
term is net investment multiplied by the shadow price of net investment. So thers is a sense
in which the current-value Hamiltonian is the net national product at cach instant of time. It
is the consumption measured in wtility units plus investment measured in shadow price and
you will see that this shadow price really does convert investment into utility.

To solve the problem, there are really only three things that we have to remember,
The first is that the Hamiltonian must be maximized with respect to ¢ at each instant of
tine, and that implies the following first order condition:

(2} : P = ).

The term on the right-hand side is the marginal utility of consumption, so that
equation (2) implies that the shadow price of investment at each instant of time must be
cqual to the marginal utility of consumption at that instant of time. The peasant household
" at cach instant has an output and can allocate it between consumption and investment. If it
is going to do the best it can over time, it will allocate the output so that the marginal gain
from putting a little more into consumption. is just equal to the marginal loss from taking
that little bit away from investment. The gain from a little more of consumption is the mar-
ginal ulility of consumption. The loss from reducing investment by a ljttle bit is the shadow
price. Thus, equation (2) must hold a; every instant of time.

The next cquation is an interesting mathematical result which is the so-called co-
siate equation. This cquation tells us something morc about the shadow price p. It says
that:

aH oF
3 = i —— | = -F s
'() pEppe p(p aK) pp-F)
so that:
p=£+Fk.
7

and this is the Fisher equation. It says that the sum of the marginal product of capital plus
the capital gain per unit of capital must equal the pure rate of time preference. This is an-
other, explicitly intetemporal, necessary condition for solving the problem. If it does not
bold at any instant, some intertemporal substitution could improve welfase.
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(3) is a differential equation in p and (1) is a differential equation in X, but ¢ appears
in (1). We could E[iminalc c using (2) and then, replacing & and A by their known forms,
(D :u;ci (3) are two ordinary differential equations in p and XK.

There is only one initial condition:

KO =K, -
so that, as a consequence, there is a one-parameter family of solutions.

To know which of thosc solutions is the right solution we need one miore condition
that must be satisfied and that is the so-called rransversality condition:

lim e p(H)K(r) = 0.
In a well-behaved problem like this, there is only one of this one-parameter family

of solutions that satisfies this condition. In this way we find a solution to the problem.
Now, I want to go over to the Cobb-Douglas assumption, and [ want to think about

the steady states:
FKAN) = K¥AN)'E.
In this special case equation (3) becomes:

Lotp- picarn'y

1 am now going to look only at exponential steady states, when p, X, and ¢ are ex-

ponential at constant rates of growti.
Let us start by calling the rate of growth of consumption per head y:

¢ =

e
x

& e

I will eventually find that ¥ can be cvaluated in a very simple way in terms of the

parameters of the model.
Equation (2} says that:

p=—cc¢,




12 ENDOGENOUS GROWTH THEORY FInsT LECTURE
F = BEFYAN'E,
i.e. - )
Thus:
EX S R | . o
M ¢ F,=P@- I)K“K(Am"" +BEPI(L - BYANYY (AN + A7) =
' AN+ AN
= i 1-p
5o that, from equation (3} ﬂKﬂ— (AN) {(ﬂ 1) +(1 B)[ AN J}
=0,
=pxHAam P =p + oy,
ie.:
P, o and 7y are constants and so what this tells us s that in any steady state the mar-
ginal product of capital will be.a constant equal to the time discount rate plus o times the E y
rate of growth of consumption per head. Fk =(B- 1)‘—“*‘(1 E‘)[ J
With a Cobb-Douglas production function, we have: . =0
A —Kﬁ o B , ile:
% (AN) 43 k 1
. DA - PR+ =0,
5o that, if in the steady state the marginal product of capital is a constant, the average ® * s
product of capital is that same constant divided by J. 5o finaliy:
Now, let us have a look at equation (1) and divide both sides by XK. We obtain v
_1V_+ K— =£ T = p"
kK K K
One other characteristic of the steady state is very important. We can ask what is
50 {Nc/K) is constant in steady state. Siace (Nc/K) is a constant, its time derivative must be the investment quota in the optimal steady state.
zero and that tells us that: We have:
ﬂ'+E-IF(=l+T--f<=D, - K = KIK =
K+Ne (KIK)+(NclK)
Aty
thus: . (KIK)+(FIK) (K/K)
_ Avy
K=A+7, : (L/BF,
By B+
is the stcady state rate of growth of X, proy  prop
We have seen that F, is constant in steady state:
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Now we have a complete description of all that is interesting about the steady state.

Consumption per head is growing at the rate ¥, the rate of labor-augmenting technologicat
progress. The stock of capital is growing at a rate equal to the sum of the rate at which the
Population is growing and the rate of capital-augmenting technological progress. Qutput is
growing at the same rate,
I'can divide the parametess of this model into three classes:

(1) technological parameters: f, p;

(2) deniographic parameters: X;

(3) preference parameters: p, o.

It is an intercsting obscrvation shat the real growth rates — the growth rates of ¢, ¥
and K — depend only .on the technological and demographic parameters, but not on the
preference parametcrs. That.is what is meant by saying that this is a model of exogenoius
growth. On the other hand, it is interesting that the investment-output ratio, the asymptotic
steady state investment-output ratio, depends on all the parameters, and it depends on all
the parameters in a reasonable way. The faster the population is growing, the more invest-
tent there will be. The bigger the rate of time discount, the less investment there will be. If
the population preferences faver cucreat consumption rather than future consumption, then
naturally there will be fess investment. If the elasticity of substitution between present and
future consumption (1/3) is small, then there will be relatively little investment because if
future consumption is a very poor substitute for preseat consumption, the optimizing
population will not be inclined 10 save and invest very much because what it gets from that
is future consumption. :

The one remaining thing I have to pick up is the tranversality condition because that
tells something interesting. The tranversality condition was:

rlim e p()K($)=0.

The term p(}K(¢) is growing at the rate (A + 1 - o). Thus, in order for the tranver-
sality condition to be truc, p must be bigger than (A + 1-ony, e

p>A+u-op,

T T e g e T T
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pHop>A+p.

{;i'his is the so-called modified golden rule. Notice that it implies that the investment
quota is less than [ (the unmodified golden rule).

1.3. Conclusions

I have six conclusions.

* The first conclusion is that the rates of growth of consumption per head, of output
per head and of capital per head are all equal to the exogenously given rate of labor-aug-
menting technological progress [ So the steady state rates of growth are exogenous. They
are not determined within the model.

Conclusion number two, which I have not discussed at all but which I hope you wili
remember from the literature, is that the steady state is approached asympiotically by any
optimal path from any.initial conditions: starting from arbitrary initial conditions the solu-
tion to the optimization problem converges to the saddle point.

The third conclusion is that in the steady state the investment-output ratio is a con-
stant depending in a normal way on technology (f.1t), on demography (), and on tastes (p,
o).

The fourth conclusion is that we lose very little, from the steady state point of view,
by adopting the "behavioristic” assumption of a constant investment-output ratio, For any
reascnable g, there will be values of o and o that make it "optimal”. There is an important
question for economists here. Should we regard p and o as "deep” parameters and s as a
"superficial” parameter? The answer to that question is ‘yes' if you think the real cconomy is
really tracing out the optimizing path of the single and immeortal peasant household. If you
do not think that, then s is just about as deep a parameter as p and &.

The fifth conclusion I want you to remember is that the transversality condition tells
us something about the "Modified Golden Rule", that the optimal 5 is less than the elasticity
of output with respect to capital.

The last conclusion is that remembering that the growth rates do not depend on the
taste parameters at all and thercfore do not depend on 5, we know that as long as s is less
than this quantity, a onc time parameiric increase in 5 does not changc'the growih rate but
it moves the economy to a higher utility path. A higher value of 5 or a lower valueof pora
lower value of ¢ - it depends on how you want to look at it ~—— will change the steady
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state path to a higher level as long as we do not exceed the "Modified Golden Rule”, but
the rate of growth will be the same.

Those are the conclusions that I want to come to. What I am going to do in the next
lecture s to bggin by discussing in general terms one of the reasons for being ‘unhappy with
this model. I want to describe the reasons why within the last five or six years the economic
profession has felt that it is important to extend this mode] in various important ways. Then
I'want to give you a first example of one of the ways of extending the model that has ap-
peared in the literature. I will choose first Lucas's 1988 paper. What I want to do is to dis-
cuss the kind of changes that are made in this madel. I want to point ott to you that there is

. @ very strong assumption which differentiates Lucas's model from the model we have ana-

lyzed today.

SECOND LECTURE .

I1.1 Introduction

There are several reasons for wanting 1o extend the standard neoclassical growth
model. One set of reasons has to do with saying something about structural problems, ic.,
about different sectors. Another reason is to say something about "coordination problerns”
to allow for what we noemally think of as the Keynesian side.

1 am not going to discuss that at all, but there two other classes of reasons why one
might want to extend the theory. :

The first is that it is intellectually unsatisfactory to have the growth rale exogenous.
The actual long-run growth rate of an cconomy is a very important characteristic and to say
that is exogenous is not satisfactory. One has to keep in mind that some things are exoge-
nous after all. You should alse keep in mind that everyone, so to speak, has always known
that there is an endogenous side of technological progress. Part of the growth of technol-
ogy is endogenous. But unless you have a good theory, a reasonable and productive theory
of endogenous technological progress, a theory of innovations in other words, it is not
worthwhile spending zny time on it. We also take A, the rate of population growth, as ex-
ogenous. We all know that population growth is patially endogenous, that has been known
since Malthus and no doubt before that. But it would be pointless for me or for Lucas or
Domar or anyone to say that the rate of population growth is endogenous unless I have
something to say about it. Not having something to say about it, or not having something
very interesting or new to say about it, one can just take it as given. In fact in the 1950s1
and others did have a little bit to say about the rate of population growth. We had a certain
picture of the way the rate of popuiation growth depends on the fevel of consomption per
head. And we also know that paying attention to that possibility can lead to simple models
of "poverty trap” and things of that sort. Remember also that there is no problem, in prin-
ciple, to make a model of endogenous technological progress. The difficulty is to make a

good and interesting model.
There are roughly three ways in which growth theory has tried in the last seven or

cight years to get beyond a theory in which the growth rate of consumption, and of all the
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per capita quantities, is exogenous. I am going to try to give you examples of some of
them.

One device is to study the endogenous accurnulation of human capital and I am go-
ing to discuss with you in detail today an example of that. You should keep in mind that to
add 1o a growth model an endogenous model of the accumulation of human capital does
not guarantee that the growth rate becomes endogenous. I will give you examples of both
kinds of neoclassical sort of growth model extended by a model of the accumulation of hu-
man capital in which that addition does make the rate of growth endogenous and in which it
does not make the growth rate endogenous. All it depends on how you do it, and one can
be skeptical of certain ways of doing it.

" The second way of proceeding is actually to have a theory of innovations. In other
words, to make p endogenous by a theoty of research, of development, or something of
that sort,

There is a third device that I want to mention as well and give you an example, and
that is to drop one or more of the standard assurptions of the neoclassical growth model,
The one that is usually dropped is diminishing returns to capital. As you will see, without
diminishing returns to capital one is back to Domar {1946, 1957), actually, It is rather
amazing. I wili try to give you an example of this, namely, of the fact that the modern litera-
ture is in part just a very complicated way of disguising the fact that it is going back to
Domar, and, as with Domar, the rate of growth becomes endogenous.

There is another reason why one might want to change the standard neoclassical
model. If that model has some tmplications that are clearly empirically false, then one would
say that we better change this theory. There has been an explosion of work on making in-
ternational comparisons of growth rates in order to compare the implications of the stan-
dard growth model with data.

The reason for this explosion of work is pamarily the availability of valid data, the
Summers-Heston data. Summers and Heston (1984, 1988, 1991) have preduced as best
they can comparable National Accounts for something like one hundred and twenty differ-
cnt countries. There are a [ot of cross-section statistical studies of determinants of growth
rates across countries. Most of that discussion is zbout convergence or divcrgendc: is it
true that 2Il of the nations of the world appear to be convergent to a common rate of
growth? Also a lot of work is done about levels: are the levels of income per person in the
different countries of the world converging to a common level?

The conclusion from all of these cross-section studies is that the results ace not ro-
bust. The resulis can be changed by minor changes in assumptions, by minor changes in the
usc of data, by minor changes in the time-period for which one opcrates, Later on we will
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go over one of two of those statistical studies just to see how the same data can give ap-
parently different conclusions. .

What I want to do now is to describe to you and discuss a slightly generalized ver-
sion of Lucas's original attempt to get beyond the standard neoclassical model. This has
certainly been one of the important pieces of the literature and it is very well done, Qne of
the things I want to show you js a rather swprising result about it, that I heard from two
young Italian economists {Paclo De Santis and Giuseppe Moscarini) in Rome ot very long
ago. For that reason, T am going to analyze a slightly generalized version of the Lucas
model. I would rather have done Lucas's own model first and then the generalization, but I
think I may not have time to do them both and so it is more important for me to discuss the

generalized version with you.

11.2. A Slightly Generalized Lucas Model

The general structure of Lucas's 1988 model is like that of the standard neo-classi-
cal model, in the "optimizing" version, i.e., the path of the economy is obtained by maxi-
mizing a utility integral, exactly as in the standard neoclassical model,

The economy dees what is necessary to maximize:

- (2 1 [=~a -
Je-pw(,)[c{r) +al(r) ] "
l-o

]

by choice of ¢, /, and u.

The difference oceurs in the utility function. As with the neoclassical model I use a
constant clasticity of substitution form, but instead of just this I add a little constant a times
another variable calied /, which stands for leisurc. The constant a is just a weight. Lucas
sets a = 0 so that the second term does not appear. There is no leisure in the Lucas model
where — and I will come to this in more detail later on — each member of the population
or of the labor force is endowed with one unit of time per unit of time and uses all of that in
one of two activities: cither working, which is called « in Lucas's paper and I will stick with
that notation, or studying. There is no other use of time. Any ‘1}{“?,,‘,“,‘“ is not spent working
is spent accumulating human capital. Or one can be a little more general than that, and say
that Lucas assumes that the amount of keisure is fixed exogenously and that there is no
choice about it.
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What I want te do is to alter that mode! so that the one unit of time that each mem-
ber of the popuiation has can be used either for working, or for leisure or for studying. In
other words, the individual has the choice to allocate time also to leisure. It turns out that
that makes a significant difference in the Lucas model. It is really quite amazing and I was
very surprised. _

The above integral is what the economy is maximizing and now I want to see what
are the constraints. ' '

The first is the standard production function according to which aggregate con-
sumption plus net investment is equal to the quantity produced using a Cobb-Douglas tech-
nology:

n N@e() + X(t) = KOPlu(HO] P H (1),

The labor input consists of u, the fraction of time spent working, times H, where
is the input of labor measured in efficiency units. In this way account is taken of the accu-
mulation of human capital. That is the basis of the medel.

Lucas aiso says that the accumulation of buman capital has an external effect as
well. If other people have accumulated human capital T will be more productive for any
given amount of hurman capital-that I have accumulated. For this reasen, he adds an exter-
nal effect (H). I will put a bar over this to indicate that for an individual maximizer this is
to be regarded as given. For a social planner & would have the exponent (1 - B + 7) be-
cause a social planner would take into account that the accumulation of human capital in-
creases aulput not only directly, but also through the externality. I am going to produce not
the planner solution but the compéti:ivc equilibrivm solution, and for the competitive equi-
librivm soluticn H will be regarded as a parameter at each time, as independent of cach
individual decision.

Notice that the individual agent in the cconomy is looking at éonstant returns to
scale, at (B + I - ), but the social planner would be looking at ircreasing returns to scale,
at{B+1-f +v). One of the lessons that you must learn, and Lucas says so in the paper, is
that ¥ is not impostant for his results. As I pointed out at the very beginning of the [ast [ec-
ture, increasing returns to scale is not the secret of anything in a growth model. If ¥ were
zero, so that the external effect did not exist, one would still get the feeling, i.e., the atmos-
phere of Lucas's model would still be the same.

There is another constraint tecause, since 7, the human capital, appears in equaﬁon
(1), there must be a model of the zecumulation of human capital, The accumulation of hu-
mian capital goes according to the following rule:
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) H =8H[1 - [0 - u(t)].

This is the differential cquation‘ that governs the accurnulation of human capital and
1s an extraordinary relationship. _

When you think about jt, you can see that almost here, in this one line, Lucas is as-
suming the endogenousness of growth. Alse, I think this s very far from a plausible rela-
tionship. Let me point out you first that if you think that (2) is a production functien for
new human capital, and if you think of the inputs as being already accumulated human
capital and studying time, then this production function is homogeneous of degree two. It
has very strong increasing returns to scale, and constant returns to & itself, If that were not
80, if this A were raised to a power less than one, then the Lucas model would not gencrate
endogenous growth. The role of studying time is less important. He knows that and in ef-
fect he says so, but people seems to have forgatien it.

To see that practically endogenous growth has been assumed, just recognize that if
& and I are any constant values adding up to less than one, then the growth rate of human
capital is already § limes that constant, Sa simply by changing the constant value of u and [
you change the growth rate of human capital. And the growth rate of output is roughly (1 -
B) times the rate of growth of human capital, so any endogenous decision to change « and
1, for example to reduce them a little bit, will increase the growth rate of H and therefore
will increase the growth rate of output. The endogenousness comes from saying that every-
one will agree that the allocation of time is endogenous, and if the allocation of time is
cnough to change the growth rates of the factors of production, then of course it will
change the growth rate of output. There is nothing complicated or deep about this, it is just
as simple as that. Nevertheless you will sce something rather strange happening here.

Now, having written down the problem, I want to proceed just as we did in the
standard neoclassical model. I start by writing down the current-value Hamiltosian; then we
will loak at the first order conditions, and finally we will go on and analyze what the rates

of growths are. It is straightforward as that.

The curreat-value Hamiltonian (V) is:

t~a -a
V:N(:)[C(f) lic:(f): _J+

+ pO{RE OHOT P HEY - Nt ee)}+ g1~ 1) - w(]H ),
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where we had to introduce a second shadow price, g(f), ie., the shadow price or co-state
variable for human capital. As always, the current-valuc Hamiltonian is a kind of net na-
tional product in utility terms.

Now we can do the optimization, First of all, the Hamiltonian has to be maxiniized
instantaneously with respect to c(¢), i(s), and u(?). Output has to be allocated between coti-
sumption and investment and time has to be allocated between employment, leisure and ac-
cumulation of human capital. I get three immediate first order conditions.

The first one, (3a), is exactly what it was before in the standard neoclassical growth
model:

(3a) cC=p.
Now I differentiate V with respect to leisure and what I getis:
(3b) Nal® = g8H.

Finally, I have to maximize the current-value Hamiltonian with respect to u, the
working time. I get:

(3¢} Pl - BKPHPH 4P = g8H,

There is an econonlic meaning to each of these conditions. Since output can be allo-
cated cither to consumption or to investment, (3a) says that the marginal utility of con-
sumption must be equal to the value of the marginal utility of net investment which is the
shadow price, Since time can be allocated between leisure and work or leisure and study-
" ‘ing, or work and studying there are two margins which have to be equaled, The marginal
value of time consumed as leisure, which is the marginal vtility of Ieisure, must be equal to
the marginal value of time spent studying. So (3b) takes care of the leisure-studying margin.
The value of the marginal unit of time deveted to study must just be equal to the value of
the marginal unit of time devoted to production, and that is condition (3c).

Then we have two more equations which are the co-state cquations:

_ dHamiltonian

(42) p=pp T = pp - ppK*H k),
(@b) 4=pg- SN _ o1 P18 51 -1 ),
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At this stage, I can take the bar off of the Hamiltonian. It is in doing the maximiza-
tion that one must take account of the fact that H is treated as exogenous.
Finally, we have the two lransversality conditions:

lim c*p()K(1) = lim (1) (e) = 0.

If that were not so, there would be a tendency to postpone consumption for ever.

The next thing I want to do is to proceed as we did with the neoclassical mode] and
to say that these equations characterize the path of the economy. If I believe that we are
looking at an economy which behaves as if it were maximizing the current-value Hamiito-
nian subject to those constraints, then the time path followed by the economy would be
determined by these equations. There is a unique solution and in a way that is the end of the
problem. But I like to know more about the paths and in particular I am going to do just
what we did in the standard neoclassical model and look for the steady states.

The steady states arc situations in which things like X, ¢ and H have constant rates
of growth. Also « and [ have constant rates of growth, but those rates of growth will hap-
pen to be zero because if { and u grow exponentially ebviously very soon they will excesd
one. The anly possible steady state growth rates for [ and u are zero. They could be nega-
tive, i.e., they could be decaying toward zero, but that would be very strange: work and lei-
sure go to zero and ail time is spent studying! I am going to take the case where u and !/ in
the steady state are constant and that is Lucas's solution too. He does not have an ! but he
makes 4 a coastant in the steady state.

Now, for some temporary notation, let me call the rate of growth of N A:

N=X

This is a parameter. We are supposed to know what the rate of growth of the
population is. As I mentioned eaclier, if you are interested in applying a model like this to
India in the early part of the Twentieth century or perhaps even now you might not want to
accept the idea that the population growth rate is constant. You might wish to have an en-
dogenous delermination of it, But for ltaly or France or US, or possibly even India today,
you may be safe to treat population growth as a parameter, which may change from time to

time.

Just for notation, I am going to call the rate of growth of consumption per head by

the Greek letter ¥, the rate of growth of the stock of capital by £ and the rate of growth of
the stock of human capital by v:
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Remember that these arc all unknowns. We intend to find out what these numbers
are in terms of known parameters and functions. We want to be able to know, analyzing the
steady state of this model, what y, & and v are as functions of the things we know, namely,
A, p and 6 and other parameters.

Much of what I have to say is like what we did last time so I can go pretty fast,

First of all, from (3a) we know that:

b =-ox.

Now let me look at (4a). If I divide both sides of (4a) by p, then I will get another
equation for p:

P =p - PR (ut) PH = -0y,

from which:

P ;cx = Kﬂ'l(uH)l_‘ﬂH".

Since p is a constant, and ¢ is a constant (they arc parameters of the utility func-
tion), and ¥ in a steady state is a constant, we know that in a steady state the right-hand
side is also constant. -

Now I want to use eguation (1) and to solve it for &. IF I do that I find:

K =&=K" (uH)yPHT - %‘- =
_prox _Ne
=T

$0 (Nc/K) is a constant in steady state, because K is. Then:

1'\;'+E=I%,
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and putting that in our notation, we obtain:

At+y=E

Now I want to go back to equation (}). Having found that the right-hand side is a
constant, we have the option of differentiating logarithmically and putting that derivative

equal to zero. What we get is:
(1-HR=(1-B+DH +(1-Pii.

I alréady said that I am going to define a steady state like Lucas, as being a situation

in which « is constant, so & is zero in the above equation. Then we have:
(1-BE=(1-B+7v.
From this and £ =X + %, we get:

oo AE00-B)
I-p+y

Already we know semething about this model that we did not know before. The
stock of human capital grows more sfowly than the stock of physical capital provided ¥ is
positive, i.c., provided that there is an externality. If there were ro externality, and if A was
zero, then the stock of human capital would grow exactly at the same rate as the stock of
physical capital. That story tells you that a planner, the social planner maximizing that
original integral, will probably have the stock of capital growing as fast as the stock of hu-
man capital, The planner would internalize that externality.

I'am in the business of solving for all of these growth rates in terms of the parame-
ters of the model, By now you can see that I only need to figure out what i is, The key s
to find out %, Notice that we are looking for endogenous growth rates and also Lucas is
looking for endogenous growth rates. 3 had betier be endogenous because every other
growth rate just depends on 3 and known parameters. If ¥ were exogenous then this would
not be a model of endogenous growth afterall. -

I now have to use something that I have not used yet, which is equation (3c). I am

going to take logarithmic derivatives of both sides to obtain:
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log(p) + log(1-B) + Blog(X) + (1 -  + Ylog(H) - Blog(u) =
= log(q) + log(8) + log(),

from which:
PHBR+(1-B+H=4+4,
Let me {ind a value for §:

§=p+PK+(y-PA =
=-ox+BA+0+(y-Po=
=%(B-0)+ 1B+ (y- P,

1 also have not used equation (3b). It is very important that now we use (3b) be-
cause this is an equation which did not appear in Lucas's original model. It comes from the
fact that leisurc is a choice variable. Again I am going to do logarithmic differcatiation, 1
find: '

l"\‘l' = c} + [},
which translates into saying:
(} =i- v,

1 am now in the position to solve for % and you will be surprised. I have three equa-
tions involving three unknowns, %, 4 and v:

A-v,

=B -0)+AB+(y- B,
- Gra-p)

I-B+y

i}

<Oy oy

Apart from §, X, and v, everything else that appears in the equations is a known
constant, a parameter of the model. A is the rate of population growth, [ is a characteristic
of the preduction funetion, o is a characteristic of the utility function, and ¥ is & character-
istic of the production function,

You can derive from those equations that:
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APB-0)+AP+(y-Pru=21-v,

or:
(1-P+yye=A1-B)-xB- o)
and therefore:
A+01-B) =A1 -B) - (B~ o),
ie:
x(1-B)+x(B-0)=0,
ies

«(1-0)=0.

Thercfore, in this model, eithec o= | or x = 0. Se in general, from this model, we
deduce that:

=0,
In this case:
C=A+

although I have ignored exogenous technical progress (i.c. I have set k=0)Tcanput it
back here to show that this is exactly the result of the standard neoclassical model. So
strangely cnough if you alter the Lucas model by allowing a leisure choice, the mode! re-
duces to the standard neoclassical model and it provides no endogenous growth at all.

I will write down what Lucas's main results are when leisure does not enter the

utility funciion. }prthrag case, Lucas find that:



28 ENDOGENOUS GROWTI THEORY

= ( I—MJ { (143)[6-@—1)]}
HJ| t-Ppryyo-y [

If we put @ = 0, so that there is no leisure, and everyone is forced to devote all of
his time either to work or to study, then the rate of growth of consumption per head in the
Lucas model turns out to be this and he has achieved his goal, that is to say, the rate of
growth of consumption per head, the key rate of growth in terms of which all other rates of
growth can be expressed, depends among other things on p and E. So the preference pa-
rameters affect the rate of growth and that is what he means by saying that there is an en-
dogenous growth there. The preference parameters influence the rate of growth, If, on the
other hand, you allow a choice between leisure and work and studying, this turms out not to
be so at all and in fact % becomes zero,

1 want to complete the discussion of this maodel just by adding a few remarks,

The two transversality conditions boil down both to:

p>A,

i.e., the discount rate has to be bigger than the rate of population growth, You can then BO
back to the model and with some effort work out what iz and [ are, that is whal is the
steady state aliocation of time about work and leisure. So the model can be completed per-
feclly and naterally,

Now iet us come back to this rather remarkable difference, that is, to the fact that
without a leisure choice  is cqual to what Lucas finds and with 2 leisure choice y is equal
to i, i.e., to the exogenously given rate of technological progress.

With a leisure choice, there is an additional margin to be managed i the mode] and
there is not an additional shadow price. The originaf Lucas's model also has a g and has a
shadow price for human capital. Bat that shadow price is only required to manage one
margin, I presume that in the case @ = I, which is exactly the case of a logarithmic utifity
function — the utility function is the logarithm of consumption plus the logarithm of leisure
— this problem disappears. The shadow price g that takes care of this equation, that man-
ages properly the margin between study and work, will just also manage the margin be-
tween leisure and work. (The logarithmic wility function gives constant “spending” pro-
portions.) But in every other case it will not and the only way that the model can achicve a
steady state, in which this equatior. js satisfied as well as the other equations, so that the
three equations that I wrote down here are all satisfied, is by putting x=0.
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Interestingly enough, what the two young italian economists have discovered tells
me that exactly the same thing is true of Romer's 1986 model. If T can get the time I will
discuss that with you. If you look at Romer's 1986 model, at his original model, and insert a
leisure choice which is not there in the onginal model, it too loses the capacity of producing
endogenous growth rates. (By the way, something similar happens in a very interesting pa-
per by Hahn that is not well known because it is bured i 2 Festschrift.)

Letme go on and raise another probiem.

When I described to you what the altematives were for extending the simple neo-
classical model and endogenizing the growth rates, I mentioned three possible ways. One is
the accumulation of human capital, and that is what we have just being discussing. There
are other models like this but Lucas's model is the father of all of them.

Another way I suggested was that you could give up one of the other assumptions
of the neoclassical model. And the one 1 suggested that is usually given up is the assump-
tion of diminishing retums to capital. I will not say much about that because it has appeared
in the literature in rather complicated ways that do not make so obvious what happens.

You remember that all of modem growth theory began with the Domar 1946
model. In the Domar model you come out with the conclusion that the growth of aggregate
oulput is equal to the saving rate divided by the capital-output ratio m:

This is an endogenous growth rate in the sense that Lucas means as endogenous,
i.e., the slate parameters govem the rate of growth. Anything that govern the saving rate
wifl have something to do with the growth rate. That is true in the ariginal Lucas modei: p

and & govem the rate of growth.
The production function here is:

-
n

because m is the capital-output ratio. This would say that:

i m
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That is the technology and what we see is that if there are no diminishing returns to
capital — and there are not because output is simply proportional to the sr.ock of capital —
then the Domar result follows.

There are other ways of getting to that same sort of things. One appears in 2 paper
by Jones and Manuelli {1990), and another in a paper by King and Rebelo (1990). These
papers do the same thing in rather different ways.

Jones and Manuelli (1990) operate in the following way. Suppose we measure the
capital-labor ratio on the abscissa axis and the output per unit of labor on the ordinate axis.
We want to draw a curve which represents a constant returns to scale technology. The
usual curve is an increasing concave function. Often in early growth theory one imposes on
this function what are catled the Inada conditions, namely, that the slope of the function be
very large near the origin and very small at the other end. In principle what Inada suggests
is that the slope is infinite at the origin and zero at the other end:

IiGuRe 1

Suppose we do not assume the Inada conditions and in particular imagine that the

slope of the production function, although always decreasing, has a lower bound. It dimin-
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ishes not toward zcro, but toward some other rumber. For instagice, we could have a func-
tion which is a Cobb-Douglas function plus a constant ¥ times X:

Y=KLP 4k,

or, in per capita terms:

HE) ()

with slope:

13[-"?-)&I 2.

L

This production function is homogenous of degree one and has positive marginal
products. Moreover, it has diminishing marginal preductivity because when we come to the
second derivatives the added term has already disappeared and so the second derivatives
are equal to the second derivatives of the Cobb-Dauglas function,

The slope gets smaller as (X/L) goes to infinity. What we have is that this curve s
always increasing and concave but asymptotically it goes to a line with slope v. So asymp-
toticatly its marginal product is v. This can behave exactly like Domar's function. If v is
sufficiently large, this curve will have increasing rate of growth e\fcxywherc, and the growth
medel will have an increasing rate of growth everywhere. Asymplotically, as it moves cut
to the right, it has no diminishing retumns. As a result it achieves an endogenous growth rate
which depends on the saving rate just exactly as in the Domar model. It will not work vo-
less v is sufficiently large. If the non-diminishing rctums‘componcnt of the production
function is trivial, then it may not be able to generate endogenous growth, but if v is suffi-
ciently large, it will, The simplest way to play this game is not to do the optimization over
time, which makes everything to lock more complicated that it is, but consider what I call
the "behavicristic™ version and study the asymptotic behavior.

Now let me give you anothier example, This example, that is due to King and Rebe-
lo (1990), is a way ta get rid of diminishing returns without saying it. ‘

King and Rebelo. do something quite different. They suppose that there are two
kinds of capital and that the production function for buman capital is a function F of the
amount of human capital devoted to the production of human capital and the amount of

physical capital devated to the production of human capital:
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H=FH,K).

They suppose moreover that the production function for the physical capital is a
function G of the amount of human capital devoted to the production of physical capital
and the amount of physical capital devoted to the production of physical capital:

K=G(H,.K,).

Each of these accumulable factors of production is produced from stocks of both.
Suppose that F and G are both homogenous of degree one, so there are constant returns to
scale in both productions, and suppose that the functions are strictly concave. Then, do
growth theory with a model like that. For instance, it would be perfectly possible to sup-
pose that some fraction of the output of ¥ and some fraction of the output of X are accu-
mulated: i

H =5 F(Hy Ky,
K =5,G(H, K,).

it is easy to show that asymplotically the steady-state growth rate depends on s,
and s,. What happens in the King and Rebelo model is that there are two capital goods in-
stead of ene. But the complex of capital goods producible by constant returns to scale out
of the complex of capital goods has by itself no diminishing returns. The essence here is
that there is no a primary factor, labor has disappeared,

To conclude, leaving aside the possibility of literally having an endogenous theory
of innovations, the other two possibilities, one involving the accumulation of human capitad
model and the other involving altering the normal assumptions, can both get you en-
dogenous growth, but the additional assuraptions that you have to make are not trivial and
are not obviously true.

It the human capital vession it turned out that you have to make two very powerful
assumptions. The first assumption was that human capital is produced by human capital and
labor in a way that has constant returns to human capital in producing itself. Perhaps 1
should emphasize that more than I did before. " ‘

The Lucas production function for human capital says that:

AH = SH(L - ).
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If you think of this as a technology for producing human capital it has two inputs,
huraan capital and time, and it has diminishing returns in neither of those inputs. It has a
constant marginal product of human capital producing human capital and a constant mar-
ginal product of time, So the production of human capital does not have diminishin g returns
in either of these arguments. If you assume that of physical capital we have no problein at
atl. If you assume that the preduction function for output is:

Y=KL,

i.e., if you take a Cobb-Douglas with both exponents equal to one, you would have no
problems at all getting endogenous growth. But let us suppose that a constant fraction of

cutput is invested, so that:

K =3sKL

In this case, it does not take a genius io sec that the rate of growth of capital is
equal to s times L, i.c., not only it depends on s, but it also depends on the rate at which the
labor force has grown. So the first thing that seems to have been done in order to get en-
dogenous growth is to make an assumption just about as powerful as that only about the
producticn of human capital. Then, in addition, as we saw today at great length, you have
to eliminate the possibility of leisure choice in order to get the main result.

The second point that T just sketch toward the end here, is that there is another way
of getting endogenous growth without human capital assumptien, and that is by finding
some way of dropping the assumption of diminishing returns to physical capital, or of di-
minishing returns to any factor that can be accumulated. Dropping diminishing returas to
labor does not help. If you take the inputs that can be accumulated — of course there must
be some because otherwise you are not talking about growth at all — and if you arrange it
50 that in some essential way the group of accumulable factors of production is not faced
by diminishing returns — one way to do that is to have no primarily factor at all as in Jones
and Manuelli's work — then there can be endogenous growth.
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H11. Introduction

I want to start this hour by going back to where we were at the end of the last lec-
ture before I take up a new topic.

The peculiar result that we found about the Lucas model was that if you allow a lei-
sure choice, that is, if you allow the choice of allocation of time not only betweea work and
accumulation of human capital, but also leisure, then it scems to turn out that the only pos-
sible steady state growth rate is the exogenous growth rate, the sum of the growth rate of
the labor force and the growth rate of exogenous technological progress. I want to go back
over that result and make it clear where that comes from.

First I reproduce the previous lecture three first order conditions for maximizing the
current-value Hamiltonian:

(3a) c?=p,
(3b) Nal? = ¢bH,
(3c) - Pl -PIKPHVP P = gBH.

The first of these conditions just says that the shadow price of consumption has to
be equal to the marginal utility of consumption. Then there is another condition that says
that when there is a leisure choice the allocation of time must be such as to equalize the
marginal value of time devoted 1o leisure and the marginal value of time devoted to accu-
mulating human capital. g is the shadow price of human capital and what is on the right-
hand side of condition (3b) is just the marginal product of time spent accumuiating human
capital, evaluated at that shadow price. Then, the third first order condition is rather more
complicated, but the fact that the right-hand sides of equation (3b) and (3¢} are the same
tells what the condition means: (3c) equates the marginal value of time spent working io
the marginal value of time spent accumulating human capital, :

These are the standard results from an intertemporal optimization probiem. Any-
thing that can be allocated across a margin has to have a common value at every margin.

From (3a} we deduce that:
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-

b=-cé.
(3b) tells us that in the steady state;
G+H=N,

because { =0 in steady state by definition.
Then from (3c):

PHPE+(~BrH=g+H.

Finally, there is one more equation that T will write down, a relation that came from
doing logarithmic differentiation of the production function with respect to time and mak-
ing one or two substitutions:

(1-PR=(1-B+pA.
We deduced from this that:
N+é=k

i.e., capital per head grows like consumption per head.

That is just to remind you of what happens.

Now, we try to come 1o the intuitive explanation of why, in the steady state, & must
be equal to zero 'cxcept for exceptional cases.

Suppose that & is positive, ie., suppose that consumption per- worker is actually
growing. Then p is negative and therefore & > 0 implies that p comes to zero: if consump-
tion per head grows, the marginal utility of consumption will 80 10 zero and therefore the
shadow price of consumption, namely, the utility price of consumptlion, will go to zero,

The marginal utility of leisure cannot BO to zero because the amount of leisure capn-
not go to infinity. In the formulation that we have, the amount of leisure goes to a constant
and therefore its marginal utility will eventually be a constant, So the only way that the
marginal equivalence here can be taking care of leisure is that the adjustment between lei-
sure and human capital accumulation must be taken account of by the shadow price of time.
N If ¢ has to take on the job of worrying about the marginal ccjuivnlencc between time spent
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in leisure and time spent in accumulating human capital, then there is no shadow price left
to take care of the other margin, the allocation of time between work and leisure. That
problem does not arise if the rate of growth of consumption is not positive because then the
level of consumption is free and p is now available. The mathematics of this says, and this I
pointed out fully in the previous lecture, that these five equations are- inconsistent unless
either € is zero or ¢ is equal to one, _ )

I do not want you to over-interpret this result. I described it to you as if it says
something disruptive about the Lucas model, That is not necessarily the case. There is after
all some path that maximizes the utility integral. It may not approach a steady state (with &
== 0). We know that if the optimal path approaches the steady state, then either it is the
pre-Lucas steady statc — the steady state in which &, & ,and { are all equal to zero — or
we must be at the rather peculiar situation where g is cqual to one. But, perhaps, there is
another path. Perhaps there is a path in which x and ! do something else and no steady state
is approached at all. The main point of the Lucas model could still be true in the sense that
the asymptotic behavior of the optimal path, whatever it is, is endogenous, i.c., it js still in-
fiuenced by the preference parameters, for instance, which is the result that Lucas was af-
ter,

I can indicate to you how that might work if T discuss not an "oplimizing" model,
but what I have been calling the "behavioristic" modsl,

Suppose we give up inlentemporal optimization. Suppose that what we mean bya
steady state in this model is characterized by I and u constant and:

K:—‘s}’,

where 5 is a "behavioral” constant.
Then Lucas, in addition, assumes that:

A=h+N=§01-1-u.

This is the key assumption.
The accumulation of capital js a fraction of output:

& = skP(uiy P,
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In any exponential path, £ and X will have the same growth rate, g, The rate of
growth of the lefi-hand side, which will be g, will have to equal the rate of growth of the
right-hand side; thus:

g=Pg+(-p+yA,

and then that tells us what the value of g is:

[1=B+v]4
g.-.(—-—-——-l_ﬁ )H.

This sort of non-optimizing version of the Lucas model teHs us that there is a pos-
sible exponential rate of growth for X, and therefore also for ¥, that must be equal to:

[li%ﬁngﬁ(l—l-u}

What do determine / and #? We are not doing intertemporal-infinite optimization
anymore. You can have any theory you like about the allocation of { and &, When you in-
sert it into the above equation you have praduced an endogenously determined rate of
growth. It is endogenously determined by whatever social mechanism it is that allocates
time to work, leisure, and the rest to the accumnalation of humag capital. We can go a little
further if you like. For instance, part of that social mechanism is the investment rate, ic.,
the fraction of output that is deveted to ordinary capital accumulation, You could say to
yourself that it is possible that the social mechanism that governs 5 will have something that
will be related also to the allocation of time. For instance, suppose goods and leisure are
complements. In that casc any theory that makes s large, that is the consumption of goods
small, is also likely to make leisure small. On the other hand, if leisure and goods are substi-
tutes, if the alternative to consumption is rest, as I hope it is for most of us, then anything
that makes s large, that is, the consumption of goods small, s also likely to make { large.
Any impulse that makes the consumption of goods small will make the consumption of
substitutes for goods larger. So you could in this way construct an endogenous theory of
the rate of growth which uses the same technological assumptions as Lucas does but does
not try to do what appears to be vesy difficult to do, i.c., to do this intertemporal optimiza-
tion of leisure choice. When I say it is difficult to do remember what I mean. T mean that it
is difficult to get an interesting steady state if you define a steady state as Lucas defines a
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steady state. There will be an asymptotic path and it too will depend, in this case, on the
taste parameters which are primarily ¢ and p, the intertemporal elasticity of substitution and
the rate of time preference. I think you could do just as interesting economics starting in
this way. This version of the Lucas story also reveals what is fundamentally the most im-
portant point about the Lucas story, and that js that all of the work has been done by this
relationship.

Having said that I want to elaborate a little further not an Lucas but on how else

you might get endogenous growih.

HL2. A General Point about Endogenous Growth Models

I want now to illusirate a general point about all models of endogenous growih. 1
am not going to bother with intetemporal utility maximization but will instead continve
with the assumption that 2 fraction of output is saved and invested:

K =5Y.

There has to be an economic and social mechanism that makes that equation true, It
is obviously a convenient assumption, but if you want to do economics with it then you
have to ask yourself what determines investmeat and what determines savings in a real
situation, and what market mechanism brings them into equality.

I also want to suppose that the production function is of the standard constant re-
turns {o scale sort with labor-augmenting technological progress so that we can at least talk
about steady states:

Y=F(KAL).
Now, I differentiate this with respect to time;

Y=FK+F,(AL+AL)=
=sF Y +ALFy (A+L),

so that:
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- A
Y=g=sF + ”

Now let;

30, by constant returns to scalc,

ALF,
AL =1L,
¥ p

SO we have:

g=sF +(1-Pp+2a).

Finally, what I can say is that the difference between the rate 6f growth of output

and the exogenous rate of growth (i + A} is equal to:

g-(L+A)=sF-Pfpn+A).

What the literature means by endogenous growth is that output should be growing
faster than the exogenous factors will make it grow. If output only grows at a rate equal to
the sum of the growth rate of the population and the growth rate of the EXDEENOUS compa-
nent of technological change, then this is a model of exogenous growth. There is en-
dogenous growth only when the left-hand side, and therefore the right-hand side, is posi-
tive. Generally what will make the right-hand side not to be positive is that F, falls as capi-
tal accumulates. Thus, we can say that the job of any model of endogenous growth is sim-
ply to keep the marginal product of capital from falling 100 fast as capital accumulates.

There are several possible ways to do this. I want to mention two simple ways in

which this might happen.

The first is to suppose that the production function has the special form:

F(KALY=cK + G(KAL),

where G is homogenous of degree one and behaves exactly like any standard neoclassical

preduction function. In that case:

LE, (1 +A).
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Fk-'-‘-ﬂ'l"GkZa

forever. So if a > (U + AYs, there is endogenous growth. There are models in the literature
which proceed in exactly this way. That is one way of accomplishing the task.

Another more interesting way to proceed, and when I say more interesting I mean
that more economics comes out of it, is genuinely to endogenize technological progress.
The first paper in that tradition is of course Arrow's paper on learning by doing, long ago
in the 1960s. What one could do is to suppose that the level of technology depends on the

amount of capital that has been accumulated:

Y= FEAKL).

That is exactly what Arrow did in the leamning by doing paper (1962), where the
rate of change of A depends on the rate of investment. We can even imagine the component
A(t) to be external to the firm, so that accumulation decisions ignore this dependence.
{Kaldor's 1957 “technical progress function” was an carlier, and less successful, attempt to
accomplish the same thing.)

Now you see what can happen. It is perfectly possible for the quantity A(K) to grow
fast enough as capital accumulates to keep the partial derivative of F with respect to the
first argument from going to zero. '

There are models that work like that and I am going to illustrate this class of models
by saying something in this lecture about a paper of Paul Romer called "Endogenous Tech-
nological Change" (1990). However, I am not going to go over the model siep by step. 1
want only io show you where the work gets done in this model and I can do that very sim-
ply. It is an example of an assumption which performs the function of making A grow rap-
idly enough with K so as to keep the marginal product of capital from falling too fast as
capital accumulation proceeds. So now let me try to show you in a direct and casy way

what Romer does.

II1.3. Paul Romer's 1990 Model
To lay bare the process of generaling endogenous growth we can first of all put A

and [t both equal to zero, i.e., we suppose that the population is not growiag and that there

is no exogenous technological progress. I said that there is endogenous growth whenever
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the growth of output cxceeds (A + 1t). So in this model any maintained positive rate of
growth of output is endogenaus growth because A and W together contribute nothing. I am
also going to suppose, following Romer, that the stock of human capital is constant,

In this model techrological progress consists in finding new varieties of capital
goods, i.e., not 50 much in making capital goods more productive but in making more kinds
of capital goods. ‘

Suppose that at any instant of time there are N varieties of the capital good and that
the amounts of the N different types of capital goods that are available for production are:

Although the total amount of human capital available to the economy is going to be
assumned constant (A, it is always open to the society to allocate this given stock between
the production of output (Hy) and the production of new varietics of capital (H,):

H=H, +H,.

In the steady state of course Hy and H,, are both constant,
Then, suppose the technology for producing final cutput has a sort of Cobb-
Douglas appearance:

N
Y= K Lﬁ[zx}'“'ﬁ).

i=l

where L is the constant amount of labor available.

Obviously this has constant retums to scale in all ‘arguments. That looks perfectly
routine,

Now, what about marufacturing the capital goods? Romer makes the following as-
sumption which seems to be perfectly reasonable. Suppose that there is some other re-
source, which we can call & and which might be some special category of labor or some
special kind of human capital or something like that, and suppose that it takes 1) units of
this resource {o produce one uait of any kind of capital good once it has been invented. It
takes 7)x; units of the resource to produce X units of the #th capital good and this is true for
every £ It would be a cheap generalization to have a Separate parameter 1); for each capita]
good, That would add a ittle bit of difficulty and achicve nothing new at all. So we might

as well take Romer's assumption.

B T T e s e oy by
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Efficiency and competitive markets will obviously work out so that:
X == =xy=X.

The efficient way to allocate R units of resource to produce capital goods s0 as to
produce output in this way will clearly be to equalize the amount of each of the known
capital goods because there are diminishing returns to each of them and only by equalizing
the x; can you equalize the marginal products of the %, and since they have the same pro-
duction technique that is what you clearly want to do. Therefore:

Mx =R

Now let us calculate what the total cutput will be in this case. Since the product
(H3LP) is constant, let me call it B. Thus, ¥ will be equal to:

lwc-p
Y=BNz"*"= B i) =
ny

— BRl-uﬁq-(i-u-ﬂ)Nﬂﬂ‘

What should strike you is that cven with R constant, and & constant, and L con-
stant, it becomes possible for output to be infinitely large as the number of varictics of
capital goods goes to infinity. In fact we can go one step further 2nd say that:

f’:(a-z—B)]V.

Any positive growih rate Is endogenous.growth. Anything that will keep N positive,
L.e., any economic structure, any market Stmcturc, any incentive structure that will keep the
number of varieties of capital goods growing, will do the trick.

I feck that I have not emphasized enough how powerful an assumption this technol-
ogy is. Remember that if N goes to infinity, X (= RMN) — the efficient amount of each of
thosc capital goods — goes to zero. Nevertheless, the number of varieties is growing and,
as thie number of varieties grows, output grows without limits. ¥ gocs to zero in the course
of growth but total output grows. So what that is telling you is that somehow this formula-
tion of the technology makes the productive impact of having a large variety of capital
goods very powerful,
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I'want now to make onc purely technical change. I am going to replace sums by in-
tegrals. Instezd of supposing that there are N discrete varieties of capital goods I suppose
that there s a continuum of capital goods runnin g from0to A:

Y= Bj’x(i)'**"’df. :
¢
5o that, instead of:
i=1,2,..... A
we have;
0<i<A,

ie., we have a density of capital goods.
If you Wwant to maximize the total output subject to the condition that the given
amount & is used in the production of different varieties of capital goods:

A
R=m j x(ii,
o
then the solution to the problem will say that the marginal product of x{/) must be inde-
pendent of { and equal to . It twras out that:
NAX =R,

and this is the exact equivalent of the relationship we got before with A replacing N.
As soon as we have done that, we can replace each x(i) by X and then X by (Rfm4)
50 that:

A

lwa-J}
Y=3f Z) ai = priebyeh e,
A

and then, with B and R constant:
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The next step that Romer undertakes is an exact duplication of Lucas's step. His as-
sumption is that the rate of growth of A is proportional to the amount of buman capital al-
located to research in discovering new varicties of capital goods:

A=SHA.

It follows of course that also the rate of growth of output, endogenously deter-
mined, is proportional to the amount of human capital devoted to research in discovering
new varicties of capital goods. )

All of the rest of Romer's paper has onc function and one function only, namely, to
talk about a market structure or an institutional structure that will make I ', constant and
positive. Any endogenous mechanism that will keep H ', bigger or equal to some € which is

positive,
H,ze>0,

will generate endogenous growth. Most of the words in the Romer paper are devoted to
talking about a complicated structure in which there are firms which manufacture these
capital goods, there are other firms which do research on new vareties of capital goods and
have a monepoly on the capital goods that they invent and which they then rent or sell to
the manufacturing firms. The fact of endogenous growth in that paper comes from two
things and two things only and you now know what they are.

The point is that the output of the research sector in this economy, which is new
varieties of capital goods; Is lincar both in the human capital input to research and in the
number of varietics of capital goods already invented, The key, as Romer says explicitly, is
that A is lincar in A. Suppose that:

A =B8H,A°
It turns out that © = I is the only value of 8 that wilt make sense here. If 8 is less
than ene or greater than one something very different happens.

First of all, suppose that:

0<f<l.
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The rate of growth of A will be:
A =§H,AM,
so that ¥ in this case will be:
(0 +PIA = (o + B)SH, A%,

What happens as time goes on is that ¥ goes to zero because § is constant, X, is
bounded by the totz! amount of human capital, but (6 - 1) is negative so as time goes to in-
finity the rate of growth of 4 goes to zero and therefore the rate of growth of ¥ goes to
zero. So, if 8 is less than one asymptotically there is no endogenous growth,

‘What happens if 8 is bigger than one? You can surely get endogenous growth. Not
only can you get endogenous growth but if you integrate the differential equation in A for §
bigger than one you will find that A goes to infinity in finite time. Tkere is a time T such
that the time series for A goes to infinify and then of course also output will become infinite
in a finite time. This outcome does not correspond 1o common sense, Thus, it is a charac-
teristic of this kind of models that they give the desired result only if @ is egual to one. This
is a very special siory.

I mentioned to you that the bulk of the paper is to provide an institutional context in
which H, can be understood. Wher one says that growth is endogenous in the model what
that means is that there is 2 mechanism, an understandzhile economic market mechanism,
which accounts for or is consistent with a positive value for H,. You could just as weli cut
thraugh all that if you were prepared to say that the economy has a stock of human capital
H that is given and that there is a fraction 7 of that that js devoted to f1,. Then the rate of
growth of output would just be:

(ot + ByyA,

and depending on your interests you could elaborate that 7 lot.

I do not want you to get the impression that 1 think that the institutional structure
that accounts for K, is unimportant. It is very important. How quantities like this are deter-
mined in a capitalist economy, in a mixed economy, how they might be allocated in a social-
ist economy, thal is what economics is about. But one thing this structure is not about is
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endogenous growth. Endogenous growth s already taking care of that as long as (he

mechanism fixes H, positive. '
"‘Now, there are more things that we could say here without going all the way
through the intertemporal maximization.

Suppose for instance that W, is the wage per unit of human capital and P, is the
price at which a new design is sold to a manufacturer of capital goods. We know that Wy
will be equal to the value of the marginal product of human capital in producing new de-

signs:
Wy = Py X Marginal product of H, = P,8A.

This is a relationship which will held in a great variety of market structures.

It is also true that human capital can be allocated to the production of geods and so
most of the kinds of market structures that we think about will want to make Wy, the rental
price of a unit of human capital, equal to the value of its marginal product in the production
activity and that wili be:

A
Wy = aHy ' P X Pdi = oiz 1P AT o3,
’ ]

where I have used Y as numeraire, so that Py=1,

Witheut any tremenrdous amount of complication, we have two equations here in
Wy and P,. But we need more cquations and Romer's paper adds more relationships, and it
gets rather complicated, By the way, I suggest that you might instead just imagine a rela-
tionship of the sort H, = v and think, in more or less empirical terms, about what would
govem the parameter . When Romer does that, he gets something a little different from
this and provides some insight into the ecenomics of this kind of model. It turns out that
the allocation of human capital to the research branch of the economy looks as is shown in
FIGURE 2, that is to say, if the total amount of human capital available to the economy i
too small, there will be no allocation to research. It tums out in the Romer tnodel, which
deduces this from intertemporal utility maximization, that instead of H, = vH, the
relationship you get is:

0, ifH<H,
A Ay, ifH> H,
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FIGURE 2

You can understand the cconomics of this. i 4 is very small, then even if all of the
H is devoted to the productien side of the econony, the marginal wility of current con-
suimption js 5o high that the opiimizing consumer will choose not to invest in the invention
of new kinds of capita! goods.

You can of course take the Romer model and do mere. For instance, you can add
population growth. It would also be possible to write down a wage rate for labor and you
could ask yourself what inside this model governs the differential between the price of hu-
man capital and price of labor. You could insert several productive sectors and so on.
There are many complications that can be built into a model like this, but none of that is
endogenous growth theory. That is industrial organization, of some other branch of cco-
nomics. Endogenous growth theory consists of this relationship and this particular technol-
ogy.

What I want to do next, and this I am mostly going to do in the next lecture, is to
take this story and turn it on his head and construct the sort of model, analyzed by Gross-
man and Helpman (1991), in which growth comes about not through increasing varieties of
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capital goods but increasing varieties of consumer goods. The industrial structure underly-
ing Romer's model can be simply the industrial structure underlying Grossman's and Help-
mah’s model and so I can use it to show you how the full thing is determined, to write
down the complete model which I have not done here.

This kind of model can be neatly represented with the Dixit-Stiglitz method (1977).
It would be fair to say that the Romer technology was simply a transfer into the production
side of the Dixit-Stiglitz story on consumption as you will recognize right away.

The idea is the following. Suppose that there are & kinds of consumer goods and

suppose that a consumer is consuming the following amounts:

b N

of those consumer goods. Then imagine that the consumer has an utility function for con-
sumption which can be represented in the form:

T

Obviously for most utility purposes you do not need the expenent outside but for
the specific purposes of Dixit and Stiglitz's arrangement it will prove to be useful to have
the utility function homogenous of degree one. Then if we assume that the consumer has 2
given-iricome and has these goods available at fixed prices, the normal maximization prob-
lem gives rise o a very useful outcome. What falls out of the maximization is that if p;, p,,

- Py are the N prices for these goods, then the nature of the problem is such that a

function of these prices can be defined:

PUpy Py wvcone s PR,

which has the property that P is a true price index, or true index of the cast of living in the
sensc that the indirect utility, the function that gives the maximum achievable utility, is:

Y
P(pyapraeeeees vpu)'

where, as we will see, the function P has a specific form.
Thus, the above utility function has the property that its indirect utility function can
be written in this way and what that means is that the function P of the N prices is a true in-

T et e e
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dex of the cost of living. As a consequence, the above ratio is an exact definition of real in-
come. If you know this price index and you deflate nominal income by that price index, you
do have real income in precisely the sense that it is the maximized utility that a consumer
with this income and facing these prices can actually achieve, You can regacd this as a kind
of aggregation process.

FOURTH LECTURE

IV.1. The Grossman-Helpman Approach

x

Instead of pursuing the Romer model ~— in which growth is achieved through the
production of an increasing variety of intermediate goods — 1 will use some of the same
apparatus to illustrate a slightly different approach, due to Grossman and Helpman (1991,
in which growth comes about through the combination of two mechanisms: producing an
increasing variety of consumer goods with a technology that becomes more productive
through the accumulation of knowledge. The "knowledge” is accumulated deliberately. The
combination is powerful for reasons already explained,

This model makes use of the Dixit-Stigliz aggregation procedure. 1 will only give
results, since this is now well known.

We will discuss 2 model with many consumption goods. We need then an index of

consumption:

» ta
5T
i={
where, for the purpose of today, 1 will keep & between 0 and 1. All we need to know at the
morent is that the consumplion index increases with the consumplion of each particular
good and it is homogeneous of degree one in all of the xs so that if you doublc the con-
sumption of cach good, you double aggregate consumption. That makes sense.
I'want you to consider the following utility function: '

a
X,

TN

U=

where o is between O and 1. This utility function is exactly like the consumption index
when I treat this 25 an utility function, As fong as o is positive it is just a monotonic trans-
formation. I just want to consider for a moment what happens to a consumer with this util-
ity function who faces given prices and a budget constraint;
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N
zplxi =Y.
i=l
The first order conditions for maximizing the utility are:
ax =p,

where 4 is the Lagrange multiplier.
1 can eliminate . right away by noting that these first order conditions say that:

and therefore:

(a1}
S~
* [P]J .

Finally, it is useful if I multiply on the left by (7ip)) so that I have the ratio of the
expenditures in x; and x,:

al(a-l)
P [f_)
pox F

Now we have to give effect to the budget constraint. We have:

af{a-[)
b = pixy [&J s
2

from which:

BN =l P

" " al(g-1)
Eplxi = E Pix:('ELJ =Y,

ie.:
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N p alfa-l}
Y =P|xxz(“") =
- = \ Py

K
o plital ar(a-i)
=h Ilzpi .

I am going now to take the guantity:

N (a-¥a
(S

=i

In this way I have defined a price index. This P is a function of all the prices and it
is homogenous of degree one in all the prices. The function on the left, even with 0 < o < 1,
is an increasing function of each price. So this is a price index that falls out of the construc-
tion of the problem.

We said that:

Y= plle-iy pela)

Now, at last, I want to solve for %, Doing this, I find the demand function for x,
that corresponds to this utility function. When I do that I find:

_ Ypl—lf(lwa)

1~ poiie-i) i

I'want to do one more thing. I want to rearrange the denominator:

Pm‘(u-l) = PP—[fCXa'(u.—i) - PP-U(E-E)

so [ can write:

Ypl—lf(i-d)

n= ppiia

and now I am at the end. The demand function for Xy, and therefore the demand function”

for any x,, is equal to:
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~E{l-a)
J"i = -Z.(_E‘.) .
_ PP

The end result is that the demand function for each good izkes a very special form,
It is real income times a constant elasticity function of the relative price of the ith good
where both real income and relative price are defined in tecms of the price index P which is
the natral, intrinsic, true price index of the problem. Sa this utility function givesfise to a
constant elasticity demand function for cach good where the elasticity of demand is the re-
ciprocal of (1 - &), and the relative price of cach good and the real income are both defined
in terms of the intrinsic price index. I am only Boing to use a very litile bit of this in devel-
oping a growth model, but it is useful for you to know it. There is a Iot of economics that
follows from this neat formulation. )

Now I am going to take this for granted, We are going to bujld a growth model in
which there are N consumption goods. The essence of the grewth process is going to be, as
in Romer, adding to N, i.e., increasing the number of consumer goods that are known in the
cconomy by a detiberate process of research.

I'am going to assumc that one unit of labor for one unit of time is capable of pro-
ducing one unit of consumption good for one unit of time. With that, if w is the nominal
wage, the marginal cost of producing any consumer goed is w. If we imagine that there is a
monopoly producer. for each of these goods, and we will see how that monopoly comes
into existence in a moment, then if the elasticity of demand facing that producer is 1K1 - o),
it turns out that the margiaal revenue will be equal to o times the price. By the way, this is
why we need 0 < @ < I, so that the clasticity of demand should exceed gpe, Now we can
determine the monopoly price. The marginal revenue, which s (op), is equal to marginal

cost, which is w, so that
P=—

[+

The profit of the manufacturer of any one of these commodities is:

(pi- v, = (5-— w)xi = n{l—-Ein,
¢4

and tetal profits, writing X as the sum of alf x,, are:
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!_:E) Y
[44

Then, the profits of the average firm are:

= *—_a)£=
o JN

=(1- C()pp'.

Before we use this story to think about growth, there is one more routine thing to
be said. The normal way of dealing with a market like this is to add a free entry coadition.
Suppose that there is a fixed cost of production, and assume that free entry will make N

increase until:

- (1-e)pX
N

= fixed cost,

ie., N will adjust so that the profit is zero. This is the usual free entry cendition. Here 1
have put the total cost equal to w times X. I could instead have put the total cost as a fixed

cost plus wtimes X;
F+wX,

Then the profit for the representative firm would be:
= -a)PE-F,
N

and then I could say if this is positive there wili be entries. If it is negative, there will be ex-

its and the equilibrium N or the nearest integer is the one for which this is equal to zero,
That is not the natural way to proceed in a growth coatext. Now I want to convert

this into a form which will make a convenicnt model of growth with the possibility of en-

dogenously determined growth,
The first thing I am going to do is exactly what I did in dealing with Romer's model.

Tam going always to operate in terms of integrals from 010 Ni- - - - = -ome = mme = o= oo

N a
c=[ [ X(i)“di] .
o
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:mcf that wil] be the index of censumption that I am interested in, where N, the "number” of
varieties, is continuous, Nothing cise changes in the story.

The way Grossiman and Helpman tell the growth story is that firms change the
amount N by engaging in research. There is a technology, so to speak, for producing new

the good it can eam it profits for ever. Since a fim monopolizing and producing a new
vartety of good locks ahead for ever, v(t), the present-value of the stream of profits from ¢
on, is:

wWe) = fc'"n(:)d:.
L]

I am not much interested in the equation it this form but I am interested in the fact
that the Fisher cquation holds at every instant of time:
I v

0 =+la,
v v

where IT is the profit and r, the interest rate. This says that the own rate of return on the as-
sct v, the profits divided by its current value, plus the capital gain or loss in proportional
terims, must be just equal to the interest rate. That is-the standard arbilrage equation.

Now we have to g0 back further and say, how do firms acquire the monopoly
power that they lold? How is a new variety of consumer good invented? For that Gross-
man and Helpman have a technology. What corresponds to free entry is that v, the present-

-value of the stream of profits from ¢ on for one of this symmetric commadity, must be less
than or equal to the cost of ereating a new good, which we can call innovation cost:

v £ innovation cost,

and v is equal to innovation cost if & > 0.

What corresponds 1o free entry, 1o the zero profils condition, is that the present
value of the profits that can be camed from having a monapoly cannot exceed the cost of
creating a monopoly, which is the innovation cost, because if it does there ;vill be entries. It
could of course be less than the innovation cost but then np pew goods would be created.
There would be no innovation. As long as there is innovation activity, then the present
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value of 2 monopoly must just be equal to the innovation cost. Schumpeter would of course
dic at this thought simply because he wanted to play on the fact that there was, at least for
an initial interval of time, a real gain, a pure rent to scarce personal entrepreneurship. What
is certainly true js that this corresponds exactly to the translation of free entry into this
context.

What about the innovation cost? The Grossman-Helpman assumption is that the
cost of making an innovation can be described in the following way:

aw
K’
where w is the wage, a is a parameter, and where K, represents the “stock of available
knowledge", which is the result of previous research that has entered the public domain.

If X, were equal {0 one, then this says in effect that it takes @ units of Jabor to make
an innavation, i.c., a units of labor applied to the innovation process will create a marginal

extension of the range of known goods.
An alternative way of putting it is that it takes at any instant of time (a/K) units of

labor to make an innovation. The point is that what Grossman and Helpman intend to do is
1o treat K not as a constant but as something that depends on the accumulated number of
innovations that have already been made in the past. It is "leaming by doing®, but it is an
externality. This cost is incurred by the monapolist or by the entrepreneur who then has the
monopely of the new commodity. But if the act of innovation increases K, and therefore
makes research more productive, then there is an additiona! external effect. For this instant,
looking at it microeconemicaily, i.e., focking at what the incentives for the individual inno-
valing entreprenaur are, we can just say that it is as if there are (@/K,) units of labor which
have to be paid.

Next, suppose this economy has L units of labor. [ am going to imagine L to be
constant so that there is no growth in the labor supply. One could have growth in the labor
supply but I am poing to cut out all other possible sources of growth but the innovation
one, so that any growth is endogenous growih.

We can write down an equation for the clearing of the labor market:

a 0
2 —N+X=1,
@ s

where (AIK,J) is the amount of labor it takes to make an innovation; N , the number of inno-
vations that are currently being made; (a/K,) is then the total amount of labor involved in
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the research activity; and X is the total amount of labor involved in the production of goods
already known. Since the technology for producing the good is one unit of labor for pro-
ducing one unit of good, total cutput is the same a5 total cmployment. So if the Iabbr mar-
ket zlears, we have cquation (2),

1 want to argue next that in order for growth to eccur in this model, X, must be
growing through time, Le., research must be becoming mere productive, Suppose, for jn-
sfancc, that K, were constant, Then equation (2) tells us that & and X are both bounded, If
N is bounded, then (N/N) must tend to zero if ' stays positive. So you could not have a
growth rate for N bounded above zero foreverif K, isnot increasing,

I can go one step further. Notice that in this mode] all of the ¥ commodiics known
at any instant of time are perfectly symmetric. They have the same technology of produc-

X=Nx.
For any given N, we could then write:

=

=

We then evaluate the consumption index ¢
o ia
C= (js“de =NE = Nty - pliovay
a
That tells you the important fact that the_rate of growth of the censumption index
é:(i‘_“)m,
o

50 if K, is constant, and therefore the rate of growth of N must 80 1o zero and the rate of

growih of X also for exactly the same reason must go to zero, then the ratc of growth of C
must go to zero. So if &, is constant there can be no growth. In fact, if K, Is bounded there
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can be no growth.’ As long as equation (2} holds inside this model there cannot be en-
dogenaus growth unless K, increases in time. So what we have to assume in order tg get
endogenous growth is that K, riscs though time, that is to say that the innovating activity ia
additien to producing innovations, which are monopolized by the innovator, also produces
an external benefit by making research more productive,

Suppose that X, is an increasing function of M. Given that the simplest increasing
function of ¥ is & itself, Grossman and Helpman, without much further comversation, as-
sume, following Romer, that K, isequal to N, In this case, from (2), we obtain:

(3) aN +X=L,

If you have listened carefully to what I said in the last lecture, you know that by
puiting X, equal to ¥, a knife-edge assumption has been made. If K, increases less rapidly
than &, then there will not be any endogenous growth in this model. If K, increases more
than proportionally than N then there Is so much endogenous growth in the model that jt
generates infinite outpet in finite time. The first part of this sentence makes absolutely sense
to me. K, has to be an increasing function of & in order for there to be endogenous growth
in the model. That is pefectly true and you can see why. But then o say, oh well, let us
choose K, to be proportional to W, is already saying that nature has been extraordinarily
good for the model builder and has made a measure-zero choice of the parameter. This is o
story that says that one of the key parameters of this model is Just determined so that there
can be endogenous growth, That is important. But rever mind, let us stick with equation
(3) of the model,

In the steady state it is going to tumn out that:

X =0,

50 that the steady state growth rate of consumption will be just proportional to the steady
state growth rate of N

é:(l'—“Jn?.
o

The next thing that we have to do for this model is to use the Fisher equation, First

we have:
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pX
IT=(1-)~——;
( )N

(PX/N) is the total revenue of the firm, the fraction ¢t is its wage cost and the remaining (1 -
&) is its profit. The smaller g is, the bigger profits are and that js because the smaller ¢ js |
the smaller the clasticity of demand is. We also know that: E

"
1
R |z

That comes about because of the one to one technology, At this point it would be
simpler if we choosc labor for the numeraire and put the wage rate equal to one so that the
Pprice is:

1
p=—
o
Here there is of course no loss of generality,
In a steady state in which growth is actually taking place, v, the present-value of the

stream of monopoly profits for an innovatar, must be exactly equal to the cost of innova-
tion, that is to say;

K

v=

z)a

Wt a
a

e

We are now looking for conditions for steady state and I want a steady statc with
Innovations taking place. I will discuss once we get to the end of the story how there might
be a steady state without innovations taking place. At the instant of time at which the num-
ber of existing varieties of goods is N, this is the cost of making an innovation and if inng-
vation s actually taking place, then v must e cqual to that cost. Under the assumption that
K, is equal to W, it is equal to this formula. The first term of the Fisher equation is then
cqual to;

11 PXN X X
—_ ]_u - 1_. —_—( _—
» ( )N p (I-o) . (I~a)=—.

What about (¢ /v)? —
v is equal to (@/A), and a is a constant so that: _
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P =-N.

- Nothing mysterious about this. It just says that if innovation is going on all the time,
then v must equal the cost of innovation at every time. The cost of innovation is a constant
divided by N under the assumptions of this model so the cost of making an innovation is
faliing like one over N. The cost of innovation is minus the rate of growth of A but the mo-
nopoly value of innovation is always equal to the cost and so must be growing at the same
rate through time.

Now, I can write the fourth equation of the mode] which says that:

o) (—I—-E)Xzﬁﬁ .
ao

Heze I am going to make a simplification that perhaps I should not make bat [ want
to do it anyhow. I am going to go no further with this equation although r itself, the interest
rate, is i a way endogenous in a growth moedel. The underlying parameters would be the
parameters of the intertemporal utility function, not this utility function. If I were Romer, or
Lucas, or Grossman or Helpman or almost anyone of these people, I would not stop at this
point. I would say, well, the interest rate has to be reduced to fundamenta] taste and
technological parameters of the model. The interest rate is a marker phenomenon. This is
the intcrest rate at which innovating monopolists discount their future profits, and that
stiould be in principle 2n endogenous variable. The normal practice in this literature is to
suppose that this growing economy behaves as if it is acting out the intertemporal utility
maximization of the representative consumer with z time preference rate p and an in-
tertemporal elasticity of substitution cqual fo some given constant. Then, we can say what
the steady state interest rate must be in relation to those parameters. I find that idea unat-
tractive. I would be prepared to tzke any theory of the interes: rate that anybody has, angd
inseqt it here. If you were Bohm-Bawerk, you could put your theory of the interest rate, if
you were Wicksell you could put your theory of the interest rate, I do not care. You can
think of r here as standing for a function of deep parameters. And if you know what the
deep parameters are you put them in there, I will just stop here and ot impose as part of a
modei that ends with endegenous growth a particular theory of the determination of the
interest rate. What I just said cheats a little bit because among the determinants of the in-
terest rate might very well be N, the rate of grov;.'ih of 'th; :_cbnc}i‘ny, so there is some si-
multaneity. But 7 could be a function of the deep parameters (I, ﬂ’) and I would still, in
equations (3) and {4), have two equations in X and &, and I could solve them in principle.
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After I have written dowq the answer in terms of r, I could write down what the answer is
in terms of p and o, the deep parameters of the intettemporal utility function, My prefer-
ence would be just to put everything in terms of the interest rate and invite anyone who s
interested in the problem to insert his own theory of the interest rate. '

Ifyou let me do that, equations (3) and (4) ars two cquatioﬁs inX and F/, and they
can be solved, We can Jook at the following diagram, with X on the ordinate axis and & op
the abscissa axis, to solve them:

X

rlaof(f — )]

FIGURE 3

Equation (3) is a2 downward sloping relationship between X and NandI will remind
You what it means in just a moment. When & is equal to zero, X is equal to £, and when X
is equal 10 zero: Nis en}ual to (L/a). Equaticn (4) is an upward sloping relationship
between X and N. When & is zero, X is equal to awr/(1 - ), The point where (3) and (4
tntersect is the steady state solution,

We also know that:
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X is a constant in the steady state here, so X is zero, and if you are interested in the
rate of growth of consumption you calculate first the rate of innovation — you can think of
N, the percentage rate at which the number of commodities increases through time, as the
rate of jnnovation. The aggregate index of consumption grows at a rate which is propor-
tional to the rate of innavation and the steady state details of the model are soived. Since
they are both linear equations, they are certainly trivial to solve, It tuens out that:

N= (—I-:-—)L- or.
a

Let us think about that for 2 mement. In this model what ﬁlakcs for a rapid rate of
innovation, and therefore for a fast rate of growth of the consumption index is, first of all,
the scale. An cconomy with a large L, ie., a large economy, will grow faster than a smail
econonty. That is the first thing I want to say about this model, Secondiy, arithing that
makes for a high rate of interest will feduce the rate of growth. )

I better come back 1o the diagram and interpret the slopes of the two curves, Why
does equation (3) slope down? Equation (3) slopes down for the simplest possible reason.
Labor has to be allocated between research and production. So innovation and production
are sval activities. Along this relationship, the more production takes place, the less re-
sources are deveted to innovation and the smaller the rate of innovation is. That is why it is
downward sloping. Why is equation {4) upward sloping? Therc you have to remember
where cquation (4) comes from. Equation (4) comes from equation (1), from the Fisher
arbitrage equation. And if you think it through, the feasoning is this: the faster N, Le., the
faster the rate of innovation, the more quickly an innovation becomes obsolete, and the
faster profits fall. This is a good Schumpeterian poiat. The more innovational activity is
tékjng Place, the faster the monopoly profits evaporate. So, if the ratc of innovation is very
high, the stream of monopoly profits dimitishes sharply. But the present-value of that
stream of monopoly profits must equal the cost of innovation. So, if it is falling more rap-
idly, then it better staris higher. The initial profits must be higher in order that the mo-
nopolist can recover the cost of innovation, But we found before that profits were propor-
tional to X. So if the rate of innovation is faster, then the initial level of output has to be
higher, so that the initial leve} of profits can be higher and the present value of profits can
be equal to the cost of innovating even though profits are diminishing more rapidly.
Therefore along this relationship a bigger N goes with a bigger X, with higher initial prof-
its. That makes sense to me. We could then ask why it is that a higher interest rate leads to
a smaller N. Well, a higher interest rate is another way of saying that the present-value of

TR I T e e T e s -
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those monapoly profits is being discounted more heavily. That will slow down the rate of
innovation by making the innovation less profitable for given X. The fact that the rate of
growth is higher when g is smaller s perfectly natural. That just says that the more pro-
ductive research is— the cost of making an innovation is proportional to a, so if a is Small,
the cost of making an innovation is very small — you expect there to be more innovation,
The fact that a small value of & favors the rate of growth is another Schumpeterian point.
That says that a high dcgree of menopoly favers innovation, The bigger (1 - &), the bigger
profits are for any given level of output, so a large value of (I - a) s a large degree of
monopoly in the standard sense that relates to the elasticity of demand, And therefore the
bigger (1 - @) is, the faster innovations BIOW,

Just so that I do not feel that I have not done my duty, I should record the formula
for N when we suppose that the economy behaves as ifit is maximizing the integral:

- -
j e""( €7 1}1: .
o l-o
If you supposc that the economy behaves so as fo maximize this quantity, where p

is the rate of discount of utility, and (l/G) is the intertemporal clasticity of substitution
between goods, if you believe that, then youcan relate r to p and o. In that case it turns out

that:
]{f = ;[(EJL—UP}
a+o(l-a)\ a

The effcct of solving for r in terms of p and ¢ is to change the formula for & we
obtained before Into this formula, What is in the square brackets is exactly what we had
before with- p replacing . But then the whoic thing gets multiplied by the factor
tCL +0(1 - )], You will notice by the way that this formula is exactly right with p replac-
ing r if  is equal to one. G equal to one is the case of logarithmic utility, so in this case,
which is the usual case, this formula works out exactly, where we can think of r as being
the rate of time preference. If you like the Ramsey consumer, the intertemporal optimizing
consumer approach to this, then z litde bit of further work using that standard maximiza-

tion problem will give you this.
The next step is just to point out that there is another case and that is the case
where the previous diagram looks like this:
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rlao(l - )]

L

FIGURE 4

The diagram looks like this when it happens that:

(i——a)L < &r{or < ap in the Ramsey case),
a

In this casc the solution is zero rate of innovation at the point where X = L. That is
the case where there is no endogenous growtl in the model at all and the reason why there
is no endogenous growth in the model is straightforward. The cost of innovation is so high
that innovation does not take place. The solution to the model is with all of the fesources,
the labor or whatever else it is, applied to the production of the existing varieties of goods
and no further innovation. That is another Schumpeterian kind of statement,

I think that we have discussed all of the forms of the parameters. The only thing
that is added about the comparative dynamics of steady state innovation is that obviously a
high rate of time preference will lead to a lower rate of innovation: people, valuing the fu-
ture very litile comparing to the present, will save very little, That is-the story that underlies
this case, They will save very litde and they will be willing to finance less innovation.
Summarily, (1/0) is the elasticity of substitution betwecn consumption now and consump-
tion later. If o is very large, that elasticity of substitution is very small, future consumption
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is a very bad substitute for present consumption and once again this sort of Ramsey-type
economy will be nat willing to invest in innovation because innovation pays what is con-
sumption in the future and they are not very happy to exchange present consumption for

future consumption,
That is a complete model of a steady state with innovation. I like it because the

institutional structure of this economy is simpler than the institutional structure of the
Romer model. In the Romer model that we talked about in the previous lecture, the techno-
lagical progress takes the form of the invention of new kinds of capital goods, or interme-
diate goods, and there then has to be a complicated market structure.

Finally, I want to re-emphasizes what I said in the previous lecture about this very
special kind of model.

The story was that we have:

K .

[i}v —L-X.

I pointed out that if we had not casually just said that X, increases proportionally to
N-—Ttook X, equal to ¥ but it could be &N znd Just a would be replaced by (a/b), there is
no generality there — we would have been faced with a dilemma, I better be explicit about
this.

Suppose we have replaced K, by A%

K,=N.
We know that we want X, to be increasing with &, but we do not know how fast

we want it to be increasing in ¥, and that is a reasonable flexible function. Let me call B the
quantity (L - X) which is constant in the model:

(i
and observe that we now have a differential cquation that says that:

NN =

R [t

" X you solve this differential equation, you get:
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ie:

NI—O NI-O B
—— =y
1-6 1-90 (a)

19 < 1, then this just says essentially that N'? is exactly a linear function of ¢ and

therefore & itself is cqual to:
N=(C+Dp'i®,

S0 if & < 1, a differential equation like this says that N can grow at best at a poly-
nomiai rate and therefore its proportional rate of growth is decreasing eventually,
If 0> 1, we would solve in the following way. The simplest think for me to do is to

make everything pasitive:

NI-B NI—B B
-—+—~‘3—-=(-—~)t.
-1 1-6 \a

Then we could say that:

N_H’:[E}- Ny
0-1 \a 1-0

(1 - B} is a negative exponcnt, so this is a negative power of & and in fact we would

be saying that N to a positive power is equal to the reciprocal of this:

I

B
al 1-8

Nposilivc power _

Now you'scc what I have been telling you. Suppose we start with a rather small
value of ¥y When ! reaches the value:
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(51%)

the denominator vanishes. So o positive power of ¥ will become infinite at that finite time
and the time path will be ridiculous. Nobody would believe that a Browing economy could
generate infinite output in a finite time. We would then find out that the only case here
where you could create a model of susiained growth is the case § = . This is intended to
be an empirical stitement. The statement that K, is equal to N or is proportional td Nis
Seen as an empirical statement, a statement of facts about the nature of innovation. How-
cver, it would be very strange indeed if it were 50, if that were exactly trie, It hag te be said
that if X, would be equal to N1 |han you could probably live for now to the next
thousand of years or so without observing that output was £0ing to become infinjte before
time came to an end. But nevertheless there js something very suspicious about a class of

" models that depends on such a very special phenomenon. So there is 2 research topic here

for some of you that are interested in endogenous growth, There is a whole ciass of models
of which Romer's is one example and this is another example, Is there a way of formulating
them, so that they generate the kind of endogenous growth that the authors of these models
are jooking for, that is more robust? So far I have not yet found such a solution, To tell you
the truth, T am not sure that Romer and Grossman and Helpman and other people which do
this are aware yet of how special the results are, Maybe they know things that they have
not told us. It would be worth to investigate that,

FIFTH LECTURE

V.1 Aghion-Howitt's 1991 Paper

In this Jecture I want to describe a paper by Aghion and Howitt (1992). 1 is techni-
cally Jaborious, so I will not try to cover the details, but you should understand the ideas,
because I think this is the general direction in which New Growth Theory may have some-
thing new ta say. In that sense Aghion-Howitt's paper is an example of an interesting ten-
dency.

Their ambition is to make a model that gets close to our intuition about the en-
dogenous generation of new technology. It is still pretiy far from anything that feels like
real research, academic or industrial. In one way this paper — and the whole literature —
may be foo ambitious. There is probably a substantial exogencus element in the amount and
direction of technology change. Ficlds of research become hat or go dry unexpectedly; in
Industrial rescarch it is not unusual for results to arise that were ot intended when the re-
search was planned and paid for.

Aghion and Howilt introduce several noveltjes:

() They introduce some chance iato the R&D process;

{iD) They 1ry to allow for Schumpeter's idea of "creative destruction”: successful R
&D can make the technology invented by previous R&D unprofitable, Thus the rents-from
successful innovation are temporary. This possibility will be taken into account by entre-
preneurs in their decisions about R&D spending, (However Aghion and Hewitt do not
consider the equally realistic alternative; new R&D can be complementary to previous in-
novation, and make it more profitable at least for a while).

(iii} One of Aghion's and Howitt's results is the possibility of endogencus cycles
brought about by the innovation mechanism.

Here is a simplificd version of their model. There is no capital accumulation, and
there is constant employment. There is one final good, produced by labor devoted to final

production (x). So final output is equal to:

Y=Aflx).
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It might be better to jmagine that labor produces an intermediate good x on a ane-
to-one basis, and then x produces final output according to Y = Af(x), where f{-) is increas-
ing and concave.

Some labor is devoted to R&D. When successful the innovation is a new interme-
diate good which allows a higher value of A and thus renders the old intermediate good ob-
solete: no one would use a unit of labor ta produce an old x when it could produce a new x
instead,

If ¢ refers to the rth innovation (nof time f), then:

AHI:.
e

Suppose 1 units of Jabor are assigned to R&D, then innovation arrive according to a
Poisson process with arrival rate An. This means that the probability of an innovation in a
given unit of time is equal to An, the probability of no innovation is equal to (1 - An), and
the probability of two or more innovations is equal to zero. The innovating firm acquizes a
monopoly on the production of x that is useful until the next innovation. Thus the fth inno-
vation brings a negative externality — it kills the reats of the firm that produced the (¢-1)st
innovation — and a positive exterality -— it makes possible the (t+1)st innovation.

Now let V| stand for the expected discounted rents associated with the #th success-
ful innovation. Let IT, be the (constant) flow of rent cxpected by the ith innovator during
the profitable life of the innovation, and let p be the discount rate for such rents. Then the

Fisher equation says that:
CpV =T - A

The "interest on the value of the innovation” equals the current income — [T, —
plus the expected capital gain— An(-V)} + (I - An)-0. (Remember that 1, is devoted to in-
novation during lifetime of sth innovation, so probability of arrival of (¢+1)st innovation is A

1), So we have:

m
V= .
Yoptdn

If there is free entry in R&D, thew:

w = AV, + (1-22)0,
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50.

Notice that a large value of n, reduces ¥\ 80 Research is like capital investment in
this respect: it is discouraged by the prospect of future R&D or investment,

if the constant volume of employment is L, then the clearing of the labor market
means:

L=n+x,

for every +. Any fluctuations are not fluctuations in employment. (This is 2 major lirnitation
of this model: ene of the true risks of R&D is that markets should be weak during the ef-
fective life of an innovation, so that it turns out to be unprofitable.)

A successful innovator, monopolizing the intermediate good, faces a demand curve
from the final-goods industry:

Af(x) =P,

(Use final good as mumeraire: then the consumptien industry demands x until the value of
the marginal product — 1-Af (%) — equals the price of the intermediate good — P.)
So the monopolist maximizes:

Pre, - wx, (remember the one-to-one technology for producing x}
= Af{x)x - wx,

It follows that the optimal x, is a decreasing function of {w/A)), and the best achiev-
able value of (TT/A,) is a decreasing function of (wfA).

We know that:
AIT
W= AV, = —
t t+l P'f‘l?lm
Froxﬂ:

2
i
xl
.;E;
5
%
85

B

i
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L=n+x,

we have 1, as a decreasin g function of x,, hence an increasing function of (w/A,), say:

S P(n,).

A,

Write:

_ﬂ_l(nul/‘qz)_?\f‘{(n“r/&ﬂ) _
A prhn,  prdm,, | ecausedy =qd,)

The lefi-hand side is equal to @(n), an increasing function of #,. The right-hand side
is a decreasing function of myy because (I1,,,/4,,), is a decreasing function of /A,
hence a deereasing function of thy 2 and the denominator increases with Mere

We can write:

pln) = yim,,),

with y(-) decreasing,
Thus:

m=hin), i <0. '
In general, as we ses in FIGURE S, there will be 2 unique steady-state 77 satistying:

"= h(i).

We do not know if A tends to 73 it will if )i < 1 and will converge locally if
(7)< L. Butin any case i1 determines AR, and also determines ¥ = I - 7.
In the steady state:

Yn»l = An—[f('?)!
and:-

R=AR%),
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50
}Iﬂ = TYI'

Remember that the index ¢ counts innovations, not time.

45°

h(n)

FIGURES

Let ¥{(z) be output at fime z. Then:

Y(z+1) 7

Y(z)

where €(z) is the number of innovations occuring in the steady state between time z+1 and
time z. So:

" In ¥(z+1} - In ¥(z) = the rate of growth of output in steady state =
=g(glay,
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where £(z) has a Poisson distribution with mean A%. Thus the rate of growth of output in
steady state (F) is:

E=Arinq.

One can say that the logarithm of output in steady state follows a random walk with
drift Al lny. Thus the expected rate of growth is proportional to i7. This is an endogenous
rate of growth and it will depend on anything that helps to determine 7. Any tax incentive
or regulation or subsidy that increases the level of resources devoted to R&D will increase
the expected rate of growth (and aiso the variance of the growth rate, equal to (In y)2A% by
the Poisson property).

There are some important comments to be made about this model,

{a) Notice the implication that the growth rate is increasing in L, the scale of the
economy, because then 7 wiil be larger for any tax-subsidy situation. Usually when we
compare the R&D intensity of different economies, like Jépan, US, EC, we look at R&D
spending. This has always scemed foolish to me. A dollar of R&D should prod.ﬁcc the same
amount of innovations in a small economy as in 2 large one. The model confirms that. If the
US has the same R&D-GNP ratio as Japan, it should do better than Japan because it is
larger. Of course, realistically, innovations diffuse internationally, so much of this is irrele-
vant.

(b) There is a large element of arbitrariness in the model, which may be hidden be-
cause the model is interesting. The endogenousness of the growth raze is in a sense merely
assumned. Each innovation makes:

¥

L=y,

<

If instead each innovation increased A, to:
A =4+,
then one would have something like:

Y(z+1) = ¥(2) + Adiy,
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and thus the rate of _grpwth,

Y(z+D-Y(@) _ AFy,
¥(2) ¥z

would tend to zero as Y(z) tends to infinitive. There is no sustainable purely endogenous

growth rate.

(¢} An exogenous clement could be introduced by making A (the productivity of R&
D effort) a function of calendar time, or of something else that measures the difficulty of
making a productive innovation. Or else ¥, the "size” of an innovation, could be nan-con-
stant, A more radical change would be to abandon the Poisson assumption, which says that
the probability of making an innovation of given size depends only on », independent of
past history of innovation. This is not unreasonable: one can think of reasons why past re-
search should make success less likely (easicr innovations picked off first) and also reasons

‘why past research should make success more likely (accumulation of basic science). There

are "breakthroughs” that open up a whole new field for innovation, gradually exhausted
until next breakthrough occurs. This is harder to model. In the meanwhile, Aghion's and

Howilt's is a real step forward.

(d) If o, is itself cyclical, then fluctuations can have permanent effects. A temporaty
increase in n will raise productivity. This will not be forgotten when n diminishes so pro-
ductivity remains permancatly higher because of a one-time innovation.

Will regular, repeated fluctuations in a1 increase or decrease the average rate of
growth? That depends on whether arrival rate of innovations is convex or concave in n.
The An case makes fluctuztions neutral.

There arc aiternative assumptions about # as well. It is possible that n might in-
crease in recession, because fewer resources are needed for production, and because com-
petition is more intensive. This is outside the formal model. Some indeterminacy is probably
desirable, to leave room for “animal spirits”. Of course expected recession reduces the

profits from innovation and would probably reduce ».
(e} The basie difference equation,

i, = hin),
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f:vcn.with K'(n) <0, can have a varicty of solutions. A more complex model with 4’ chang
ing sign could have severa] steady states and even chaotic solutions, One special case oc;‘
curs if A{n) = -1 for an interval of n around 7. That gives a regular (éycle of period two

(like the cobweb),

n
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FIGURE 6

. When n is low, innovation is expected to be profitable, so  is high next period; but

-that gives rise to expectation that innovation will be unprofitable, so 7 is low in the foliow-

ing pe‘riod. A steady state with # = 0, and zero growth, is possible, even under rational ex-

pectations: it is correctly anticipated that positive . will reduce IT,,, enough so that the R
&D expenditure (w,,n,,,) will cot pay off. .

This is a promising line of thought, but what is needed are empirically-based hy-

potheses about the stochastic process that describes innovation, Outcomes can be simu
lated, -

SIXTH LECTURE

VL1. Endogenous Growth and Empirical Work: An Introduction

I want now to introduce a bit of discussion of empirical work. I do that for two rea-

s0ns.
First of all, because I believe very strongly that work on growth theory ought to be

integrated with empirical work.

Secondly, T also thought it was worthwhile because by a coincidence what has hap-
pened is that a particular sort of econometric study has become very popular along with the
study of models of endogenous growth. What happened was a very interesting kind of co-
incidence which is that along about the time that Lucas {1988) and Paul Romer (1986)
were reviving the notion of endegenous growth, there came into existence a body of data
which had not previously been available and which asks to be made the basis of cmpiricat
analyses of growth. These are the Summers-Heslon data.

What Summers and Heston (1984, 1988, 1991) have done is to compile the main
variables from the National Income Accounts of about 120 different countries, all of the
members of the United Nations so to speak, for the period from 1960 to 1985 and to de-
flate these data to 1585 on a comparable basis using as close to purchasing-power-parity
prices as they can. They are available from 1960 to 1985, perhaps not for every year in that
period but for benchmark years in that period: real GNP, real investment, real GDP, real
consumption expenditure, all of the key variables from the Natiogal Income Accounts on a
comparable bass, deflated in an intelligent way not using the official exchange rates or any-
thing like that, but making at ieast an attempt (0 achieve purchasing-power-parity prices.
Since these data arc available from 1960 to 1985, it is possible to calculate for each of these
countries the average rate of growih of real GDP over a guarter century period, and it is
just irresistible to use these data in regression equations in which g; is the average rate of
growth of real GDP for country i during the period from 1960 to 1985, expressed as a
function of vasiables that might be associated with the growth rate. If you accept  the idea

.of endogenously determined growth rates, then the Summers-Heston data give you the

chance of testing empirically what arc the characteristics of each country that are associated
with the growth rate. If growth rates are endogenous, you can test hypothescs about causal
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variables or about potential causal variables on the right-hand side and in fact over the past
seven or cight years very many such cross-country regressions have been done with the
growth rate as the left-hand side variable, as the variable to be explained in the regression,
and all serts of things on the right-hand side. T will discuss that a Little bit. T am only going
to talk about a couple of the papers that have been written along these lines in any deiail.
These two studics, which come out on different sides of the question, strike me as very in-
teresting. They illustrate what seems to me to be the main fact about these empirical stud-
ies, mainly that they are not robust. Quite different econometric answers to important
questions can be obtained from®quite minor changes in the econometric approach: slightly
different periods, slightly different choices of the countries to study, slightly different mod-
els, slightly different functional forms, and so en. Unfertunately, no very powerful empirical
generalization emerges from this.

Apart from the general question of causality, the kind of questions that can be asked
of these cross-section studies, and that have been asked, are like the following: is the
growth rate associated with the ratio of investment to output in country i?

Ii
= ?i, ...... N

You sce why that is an interesting question. In the simple neoclassical model of
growth the answer is 'no'. Asymptotically, in steady state, the growth rate is not associated
with the fraction of output invested, only the level of output matters. In an endogenors
growtl model, and I will give you an example of this, the answer would be 'ves'. Even if we
tzke account of other variables, there should be a significant partial comelation of the
growth rate with the investment quote. That is cne question to ask with the idea of distin-
guishin g'bélwccn endogenous and exogenous theories of growth.

Anather guestion that is often asked is the following: is there convergence of
growth rates? Or, is there evidence that different countries, although they have different
growth rates now, perhaps are moving toward a common growth rate? Or, is there evi-
dence that different countries, although they have very widely different income levels now,
are developing in such a way that you would predict that income levels will converge? The
way this is usually done in the empirical ktezature is that in g cross-country regression like
the following, in which the growth rate is regressed against a group of right-hand side
variables, one of the varables might be the level of cutput at the beginning of the period

(%%
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It is taken as evidence of convergence in some form if the coefficient in the re-
gression of g; on the variable {¥°/L) is negative, That is to say, if it turns out that after
taking account of other variables, it remains the case that poorer countries grow faster than
richer countrics, then that is taken as an evidence of convergence. However, this is by itself
a very weak evidence of convergence. For instance, an altemative hypothesis is that there
are several sub-groups of countries, and that there is convergence (either of growth rales or
Ievels of inceme) within each group but not convergence between groups. In that case even
if you find a predominant negative coefficient, in a regression like that, it might simply
mean that within each group, poor countrics do grow faster than richer country, but it is
missing the fact that between groups there may be no association of that kind so there is no
tendency for the groups to converge or to catch up with each other,

Another important question which emerges is the following. In endogenous grovtl
models, the normal sorts of policy that we think about can affect the growth rate, whereas
in the neoclassical model the normal kinds of policies, tax policies of one sort or another,
will have an effect only on the level of income and not on the growth rate. The obvious
example of what I mean is the Lucas mode] where the growth rate depends on the amount
of time that is not devoted to production and not devoted to leisure, but devoted to the ac-
cumulation of human capital. I that determines the growth rate, as it does in the Lucas
model and does in the Romer model as well, then it is certainly within bounds that tax
policy couid affect the fraction of time that is devoted to the accumulation of human capi-
tal. Any subsidization of whatever activities we think of as leading to the accumulation of
human capital wiil cérminly cncourage more time being spent on the accumulation of hu-

o

man capital. In the Lucas model that affects the growth rate.

There are models in which physical capital zccumulation affects the growth rate
unlike the neoclassical medel and we cetainly all befieve that governments can subsidize
investments and increase the fraction of output invested. It is a very important difference
between the two classes of models that in the family of endogenous growth modcls sian-
dard kinds of policies can affect the growth rate, So another typical thing that happens in
this regression analysis is that policy variables are inserted in the right-hand side to sce

whether the cross-sectional regression can detect any dependence of the growthi rate of the

country on its policy variables, for instance, en the level of government consumption rela-
tive to GNP, or on the tax rate on investment. Different authors of papers insert different
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policy measures of tax policy, or subsidy policy on the right-hand side of cross-country
rcgression 1o see if they can detect a permancnt effect of those things on growth rates:

Q
g = p(i %— ... Policy Variables J

Barro (1990) even includes variables which are intended to measure political sta-
bility — the number of political assassinations, or things like that - on the right-hand side
1o scc whether there is a permanent association belween political stability and growth.

All sorts of things have been done. However, as I said, they tend not to give robusi
results.

With that introduction, I want to talk about two papers just to describe to you what
they sound like and what sort of interesting results you can get. I have chosen two papers
which come up with rather different conclusions just because T want to illustrate to you the
fact that a series of scholars working on this can in fact come up with quite different con-
clusions.

¥1.2. De Long-Summers's 1991 Paper

The first paper I want to describe is by De Long and Summers. It appeared in the
Quarterly Journal of Economics in May 1991. 1 shall also tell you that that issue of the
Joumnal also contains an articie by Summers and Heston which gives a lot of their data such
as very convenicat tables of GDP per worker in real terms, rates of growth, and things like
that,

What De Long and Summers do is the following. The left-hand side variable in their
cross-country regressions is g, the rcal growth rate of coun@ i. They work with two
samples of countries. One sample which consists of twenty-five relalively rich countries,
where relalively rich is defined as GDP per worker greater than 1/4 of GDP per worker in
the US. Ia the Heston-Summess sample there are twenty-five countries that have a GDP
per worker which is larger than 25% of the GDP per weorker in the US and that is one
sample with which De Long and Summers work. The other sample consists of sixty-one
countries, where the other thirty-six countries arc poorer than the first twenty-five coun-
trics. '

What De Long and Summers want to demenstrate, and think that they do demon-

strate, is that there is a very important causal sclationship between the growth rate of
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country / and investment in machinery and equipment relative to GDP. In other words, this
is one of those papers which is trying to establish an association which they treat as causal.

They include in the regression, after having tricd some other things, four variables
simultaneously. One is investment in machinery and equipment. Another I will just describe
as "gap", and that is the percentage by which the US GDP per worker at the beginning of
the period excceds the GDP per worker in the particular country. This is intended to test
the hypothesis that poor countries grow faster than rich countries. The other two variables
that are included nre labor force growth and other investment divided by GDP — physical
investment, not human capital investment in any case. In effect, the basic statistical exercise
for the sample of 25 countrics and for the more inclusive sample of 61 countries is torun a
linear regression in which the growth rate for a country is regressed against the intensity of
investment in machinery and equipment, the gap between the given country level of
productivity and the US, the growth of the labor force, and the intensity of investment in
other forms of physical capital. What De Long and Summers find is that it is only the first
two varables that have statistically significant regression coefficients. The other two
variables have statistically insignificant regression coefficients. They do not enter the
regression analysis strongly. The coefficient on the gap is positive as they formulate it and
that means that poor countries grow faster than richer countries, certain other things equal.
They do find that investment in machinery and cquipment enters with a strongly significant
positive coefficient, whereas other forms of investment do not enter in a statistically
significant way at all. That is the basic empirical result of De Long-Summers's paper. When
this is extended to the larger sample of 61 countries, the relation becomes considerably
weaker, Ameng the 23 countries the R? is 0.66, whereas for the 61 countries the R? is 0.29.
But the general shape of the relationship remains the same. When it is extended to the
larger sample there is more residual variance obviousty but it remains true that the only two
significant variables are investment in machinery and equipment and the gap.

The cconomic importance of the coefficient of the investment in machinery and
cquipment can be described in the following way. The regression equation says that a
country that increuses the fraction of its GDP that is invested in machinery ard equipment
by 3 percentage points will add one percent per year to its growth rate. If you look at the
frequency distribution of these 25 countries according to the fraction of GDP invested in
machinery and equipment, that frequency distibution has 2 standard deviation of 0.03. So
the country that moves from being one standard deviation below the mean to the mean, by
changing the fraction of GDP invested in machinery 2nd equipment from 0.06 to 0.09, or ~
something like that, would add 1.02 pércent for a year to its growth rate. That is very large.
Over a 235-year period, that adds 29% to the GDP. The calculation that De Long and
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Summers make and which they believe — I am skeptical about all of this — implies that the
social rate of return to investment in machinery and equipment is of the order of magnitude
of 30% per year. There must ther be o very strong extemal effect because the return on
investment in machinery and equipment to private businesses is not even near to 30%. If
thereforc De Long and Summers are to believe this, they must believe that investment in
machinery and equipment brings with it a positive extemality that other forms of investment
do not. And what they suggest is that the externajily' takes the form that technological
innovation is transferred through machinery and equipment. Investment in buildings, for
instance, provides buildings but it does not for the investing country transfer technology
from wherever the technological frontier is, presumably in the US or in the advanced
countries of Europe or Japan. On the contrary, investment in machinery docs.
. Now I just want to say that that by itsclf is not a foolish idea. T have taiked to 2 lot
of business people and manufacturers in the US and asked this question and they said that it
makes sense to them, that often new technology is transferred into a company by the
suppliers of machinery and equipment. Gbviausly, they would not cffectively apply that
technology if they were not investing in machinery and equipment. So it is not a senseless
idea. However, whether it can account for the difference between the 10-15% private rate
of return and the 30% social rate of return to investment iz that kind of capital seems to me
1o be doubtful.

If you accept De Long-Summers's regression results, at least fwo important con-
clusions follow. - ' .

© First of all, it is certainly strong evidence in favor of endogenous growth. If you can

affect the growth rate by affecting the fraction of GDP invested in machinery and
cquipment, then that is certainly endogenous growth. As against that it has to be said that
what we are looking at arc growth rates averaged over a single 25-year period and this is
probably not Jong enough to reject the hypothesis that a maintained increase in that ratio
would lead initially to an accelerated growth of 1% per year, but then in the next 25 years
the increment of the growth might afterward fall to a third 1% per year. So there still the
possibility that over a period fonger than 25 years the increment to the growth rate could
not be maiatained. So it is not an absolutely convincing confirmation of theories of en-
dogenous growth but it certainly goes in that direction.

The second implication from this result is certainly that the tax system and regula-
tory system should favor investment in machinery ard equipment far beyond what is doge.

"The next thing that has to be discussed in connection with this paper js the direction
in which the causality goes. De Long and Summers are perfectly well aware that one's
natural inclination is to say that maybe the causality runs the other way, that is, maybe it is

T e T e U
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not that a high ratio of investment in machinery and equipment to GDP increases the

growth rate. It could be that the countries that are growing rapidly for some other reason

invest a lot in ni:ilghincry and equipment. They make several intelligent arguments against

that jnterpretation and ja favor of their own preferred interpretation, which is that causality

runs from investment in machinery and equipment to bigh rate of growth. The most impor-

tant piece of cvidence that they offer in favor of this direction of causality is rcally ex-

traordinarily interesting. They find that the countries in the sample differ quite a lot in the

relative price of machinery and cquipment. If you look, for each of these countsies, at the

price level for machinery and equipment deflated by the GDP price level, there is quite 2 lot

of variation. In some countries in the sample, machinery and equipment are relatively

expensive. In other counties in the sample, machinery-and equipment are relatively cheap.

Suppose some countrics grow rapidly and therefore they invest a ot in machinery and

cquipment. They would say that in those countries with high growth rates the price for
machinery and equipment ought to be relatively high. There would be a strong demand for
investment in machinery and equipmient and that should push the price of machinery znd

equipment high, whereas, they say, if the cavsality runs the other way, it is more likely that
the relztionship between growth and prices of machinery and equipment would be different.
What they find is that very strongly the rapidly growing countries are countries which have
alow level of price of machinery. 5o it appears to be a supply-side phenomenon rather than
a demand-side phenomenon. In fact, apparently, you could use the relative price of
machinery and equipment in the basic regression instead of the fraction of GDP invested in

machinery and equipment and the regression coefficient will be negative of course rather
than positive, but the fit will be almost as good. They argue that in a very strong way, the
message that has been sent by their data is that what is good for growth is a low machinery
and equipment price such that there is a lot of investment in machinery and cquipment and
therefore a lot of growth. That would seem to suggest that a good policy tool for taking
advantage of this relationship would be simply a tax credit for investment in machinery and
equipment, .

‘They make onc other argument for their direction of causality. They su ggest that, if
the causality went from fast growth to high investment in machinery and equipment, then it
skould not matter what the source of growth was and for instance rapid labor-force growth
should be positively associated with high investment in machinery and equipment. If fast
growing countrics fuvest 2 lot, then countries which are nging_ fast Just_becausc the
population is growing fast should also invest a lot. That turns out not to be so, that is, therc
is no comelation between the rate of Jabor force growth and the rate of invcstmf:nt in
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machinery and equipment. So they conclude that the causality is the way that an en.
dogenous growth model would su ggest,

What are the main statistical or economic weaknesses in this argument? There is
one statistical weakness that they point out themselves. If in the regression with the 25
relatively rich countries You add a dumimy variable for the continent jn which the country is
~ there are only four, North-America, Europe, Asia and Latin America, because none of
the African countries fit into the 25 rich countries — then what happens statistically is very
interesting and I want to describe it to you. In the original regression for the 25 rich
countrics without the dummy variables for the contineats, the coefficient of the investment
ratio is 0.337 with a standard error of 0.05. When you put in the dummy variables for the
four continents, this coefficient falls to 0.053 (with a standard error of 0.063), that is, it is
no longer statistically significant and what we find s that there is a farge positive coefficient
of the dummy variable for Asia, a small positive coefficient of the dummy variable for
Europe, and a negative coefficient on the dummy variable for Latin America, From that
point of view, you can argue that what this regression is telling you is that Japan grows
faster than Argentina, that being in Asia is better thap being in Latin America, and if yau
take account of that the rate of investment in machizery and equipment plays no role.
However, in the Jarger sample wherc the fegression works less well in general, if you put in
the five (because now there African countries) continental dummy varizbies here, they do
nothing at all. They feave the coefficient of investment in machinery and equipment
unchanged, and the dummy variables are not statistically significant themselves, De Long
and Summers interpret this as saying that the reason why in the smaller sample of countries
the continental dummics outperform the investment ratio is that this sample of rich
countries is so smiall that within cach continent there is net enough variation in the invest-
ment ra‘tio to teach the regression anything. But if you enlarge the regression to the 6]
countries, so you have some countries that are growing rapidly, some countrjés that are
growing vecy poorly, and you can observe that witia the Latin America the slow growing
counirics have a low ratic of investment in suachinery and equipment and the fast growing
countries have a high ratio of investment in machinery and equipment, then the fegression
cquation is abie to distinguish that. That is Plausible. On the other hand, it has been found
that the large-sample results arc strongly influcnced by the data for one African countiry,
Botswana, with very rapid growth and very high investment (in the diamond industry), This
is very suspicious. . S e

There is 4 second general statistical point that I can make about this but, as you will
see, it is incomplete. A graduate student in my University, at MIT, by the name of Charles
Jones (1992), is interested in this sort of things as well. He has found that for the main
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countries, the countries for which you can do the analysis, the series of annual growth rate
gl isa staﬁgnary series, a trendless series, for the period of time from 1960 to 1985,
There is no trend, neither deterministic nor a unit-root trend, in the growth rates.
Thercfore, he reasons, any other lime series that is to have a permanent effect on the
growth rate ought to be trendless as well, The ratio of total investment to GDP in these
countries is not trendless and so Jones's suggestion was (he did this work before he had
read De Long-Summers's paper) that you cannot make a case that total investment ratio to
GDP affects the growth rate because it is not stalionary and the growth rate is stationary.
Jones is now trying to test the stationarity of the De Long-Summers time series but that is
harder to put together in an annual basis and it will take some time. But, I suspect, and he
suspects, that he will find that this series is not trendless in these countries and if it is not,
then there is a difﬂcul-ty in the De Long-Summers statistical procedures.

I wani to'say only one more sentence about this and that is that I have some skep-
ticism about the De Long-Summers result because it is so strong. If they were to tell me
that the social rate of return in equipment investment instead of being 30% per year was
15% per year or 16% per year I could then have quite agreed. But that it is 30% per year I
would require more convincing reasons because I would have been asked to belicve a very
powerful assumption.

Now let me drop this and move on, and discuss another paper which produces evi-
dence almost in cxactly the opposite direction, that is, against the endogenous growth

model,

VI.3. Mankiw-Romer-Weil's 1991 Paper

This is a paper by Mankiw, Romer — rot Paul, but David, a different Roimer —
and Weil and is called "A Contribution to the Empirics of Economic Growth" {1992).

. The paper sets out to sce how well the Summers-Heston data can be explained by a
straightforward neoclassical growth model without any endogenousness. They conclude
that they can, with one modification which still leaves the model a purely exogenous growth
model. You see just how incoaclusive this whale body of empirical work can be.

Let me remind you a little bit about neoclassical growth theory. Suppose we take a
model which says that output is a function of the capital stock and of the input of labor

with labor-augmenting technological progress:

Y=FKAL),

e P R TR o .25 R A T TR 1
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and suppose that we add that investment s a fraction of output minus depreciation:

K =sY-dK,

where d is the rate of depreciation. X is net inves tment, and X Plus 4K is gross investment,
Then:

K =sF(KAL) - dK,
and we use the constant returns to scale property to say that:
K =sALF(z,1) - dK,

where (KAL) = z, which is capital per worker micasured in efficiency units.
Tt follows from this that the growth rate of the capital stock is:

K - 1
?{"iK:S‘EF(Z,l)—d .

and if we now adopt the Cobb-Douglas forn, £% 7, the rate of growth of z, is:

Z=K-A-L,
where:

A=A
and:

L= L™,
80 that:

2 =(-E—Jz“-(d+g+ﬂ).
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from which:

It

i=s"-(d+g+n),

The next step is to ask what is the steady state value of z, and that i easily calcu-
lated putting ¢ equal to zero:

Lg-a)
= =
(d+g+n) )

Now what I want to do is to put that back in the production function and to see
what the steady state value for ¥is. I am doing all this because I am deriving in this way the
regression equation that Mankiw, Romer, and Weil actually fit. In steady state:

Y akl-a)
--=AF(Z',1)=AZ'“=A( : ) :
L d+g+n
Let us take logarithms:
Io (YJ log A(0) + :+(“)m s (“)lo (d+gn)
O [ me | = —_— - | —_— 1}
*\L & g I B -t ElE

This is the regression that Mankiw, Romer and Weil fit across countries. The lefi-
hand side of the regression is the average, over the all period, of the logarithm of output
per worker country by couniry. log A(0) + gr is a constant because the value of ¢ is the
same for each of these cbservations, the observations of different countries, The assump-
tion here is that 4 and g, the growth rate and the depreciation rate, are the same for each
country but the population growth rate differs for each country so that the value 5 has a
subscript £. Then the regression equation is:

Y - o o4
leg [ZJ; = A+ (EJ logs; - (T_—a)log(ﬂgwi) +&,.

The model, which is the simplest model you can imagine, has at least one predic-
tion. It predicts that the coefficient of the varjable (log &) will be the ncgativq of the coef-
ficient of the variable log(d+g+n;). When the thre¢ authors carry out that regression; they
find first of all that it is a fairly good fit, the R* is about 0.6. Secondly, the standard test of
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the hypothesis that the cocfficient of the variable (log 5;) is equal to minus the cocfficient of
the variable ]6g(d+g+ni) is passed. However, when this regression is re-estimated imposing
the hypothesis that the two cocfficients are the same except for the sign, the estimated
value of the coefficient is 1.43 which leads to an & of about 0.6. That goes againsi the
model because we would expect that ¢, which is the capital elasticity in a Cobb-Douglas
production function, is of the order of magnitude of 0.3. So as an intermediate step in their
work what Mankiw, Romer and Weil find is that ‘yes', the regression passes the test of the
two cocfficients to be equal but it gives an unsatisfactory value for o. They then go on to
do somicthing else. "Fhey say, why do we not introduce human capital since that plays such
a big rale in endogenous growth models? Why do we not introduce human capital into this
model simply by enlarging the production function? Why do not we ask how the data

would react to a model which says that:
Y=K*H (L)%,
K= 5 Y- dX,
H =s,Y-dH

and:

A=Ay,
L=Lye™

They analyze this model in exactly the sume way. The regression equaticn that
correspands to the regression equation of the model without human capital looks like this:

Y — o
logf=] =4 + ] -
o8 (LJ, (1—(1"'1-”} %% jxi

- [1——&—5] [1_3_ {Jlog Sy, - ( I:EﬁJlog(ni+g+d) +g,

where 5 is the fraction of output invested in physical capital, and s,; the fraction of output

invested in human capital.

There are a number of problems. One problem is the following. We know how to
get sy ot of the Heston-Summers data, because it is something that appears in the national
accounts, but how do we got 5,7 They use a variable that they call "school” which is the
fraction of the labor force that is enrolled in secondary school,

{ i E .
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This regression suggests a testable restriction: the sum of the second and third co-
efficicnt should-just equal the negative of the third coefficient. When they cstimate this
regression the coefficients pass that test very well. The sum of the second and third re-
gression coefficient minus the third regression coefficient js insignificanty different from
zero and the significance level is 0.9. It does at least pass that test but the estimates that it
gives for & and P are @ = 0.4 and B = 0.3 and therefore (1 - o - B) = 0.3. This suggests the
following production function:

Kﬂ.‘ihvﬂ.a(AL)UJ,

which fits the data quite well, and makes a lot of sense. It suggests that about half of the
share of wages in total income is a return to "raw labor” and the other half is a return 10

human capital.
These authors find evidence of convergence of ¥ ta predicted level after allowing

for differences in Sy S and initial ¥, That is: use Sy Sk to estimate (¥/1)". Then growth is

faster for country i if;

Nl

¥
< -
L

in 1960.
Durlauf and Johnson (1992) find that the Mackiw, Romer and Weil data are better

described if countries are divided iato groups (roughly by per capita income): they find
convergence within groups, but not between groups, and they find different production

functions between groups.
One way to describe the whole situation is to say that these "tests” do not discdimi-

nate well between endogenous-growth models and standard cxogenous growth models.
The suggestion that about half of faber share is retum to human capital sounds reasenable.

Better measures of /f would be useful.
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